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Abstract For the class of (partially specified) internal risk factor models we estab-
lish strongly simplified supermodular ordering results in comparison to the case of
general risk factor models. This allows us to derive meaningful and improved risk
bounds for the joint portfolio in risk factor models with dependence information
given by constrained specification sets for the copulas of the risk components and
the systemic risk factor. The proof of our main comparison result is not standard. It is
based on grid copula approximation of upper products of copulas and on the theory of
mass transfers. An application to real market data shows considerable improvement
over the standard method.

Keywords Risk bounds - Risk factor model - Supermodular order - Convex order -
Convex risk measure - Upper product of bivariate copulas - Comonotonicity

1 Introduction

In order to reduce the standard upper risk bounds for a portfolio § = Z?:l X; based
on marginal information, a promising approach to include structural and dependence
information are partially specified risk factor models, see Bernard et al. (2017b). In
this approach, the risk vector X = (X;)1<;<¢ is described by a factor model
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Xi=fiZ,e), 1=<i=d, 1

with functions f; , systemic risk factor Z , and individual risk factors ¢; . It is assumed
that the distributions H; of (X;, Z), 1 < i < d, and thus also the marginal distri-
butions F; of X; and G of Z are known. The joint distribution of (¢;)1<ij<4 and Z,
however, is not specified in contrast to the usual independence assumptions in factor
models. It has been shown in Bernard et al. (2017b) that in the partially specified risk
factor model a sharp upper bound in convex order of the joint portfolio is given by
the conditionally comonotonic sum, i.e., it holds

d d
S=) Xi<e S5 =Y Fyl,(U) 2
i=1 i=1

for some U ~ U(0, 1) independent of Z . Furthermore, S% is an improvement over
the comonotonic sum, i.e,

d
S7 <ex 8C= ) F(U). 3)

i=1

For a law-invariant convex risk measure W: L!(2, A, P) — R that has the Fatou-
property it holds that W is consistent with respect to the convex order which yields
that

W(S) < W (S7) < w(s), “)

assuming generally that X; € L'(P) are integrable and defined on a non-atomic
probability space (€2, A, P), see (Biuerle and Miiller (2006), Theorem 4.3).

We assume that Z is real-valued. Then, the improved upper risk bound depends
only on the marginals F;, the distribution G of Z, and on the bivariate copulas
ci=cC x;,z specifying the dependence structure of (X;, Z) . An interesting question
is how the worst case dependence structure and the corresponding risk bounds depend
on the specifications C I 1<i<d.More generally, for some subclasses S cC
of the class of two-dimensional copulas C; , the problem arises how to obtain (sharp)
risk bounds given the information that C eS8, 1<i<d.More precisely, for uni-
variate distribution functions F;, G, we aim to solve the constrained maximization
problem

d
max{ZXi|Xi~Fi, Z~G, Cxi,zesi} WLt <ex (5)
i=1

for some suitable dependence specification sets S° . As an extension of (5), we also
determine solutions of the constrained maximization problem

d
maxiZX,-|Fie]:i, GeF, cXi,Zesi, WLt <¢y (6)
i=l1

with dependence specification sets S’ and marginal specification sets F; € F',
where F! denotes the set of univariate distribution functions.
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A main aim of this paper is to solve the constrained supermodular maximization
problem

max{(Xl,...,Xd) | Xi ~Fi, Z~G, Cx, 2 esf} WLt. <gm %)

for F; € F; and G € Fy. A solution of this stronger maximization problem allows
more general applications. In particular, it holds that

EDi <om @i = ) & <ex )G ®)

and thus a solution of (7) also yields a solution of (5).

Note that solutions of the maximization problems do not necessarily exist because
both the convex ordering of the constrained sums and the supermodular ordering are
partial orders on the underlying classes of distributions that do not form a lattice,
see Miiller and Scarsini (2006). In general, the existence of solutions also depends
on the marginal constraints F; and G . In this paper, we determine solutions of the
maximization problems for large classes F; C F! of marginal constraints under
some specific dependence constraints S’ .

In Ansari and Riischendorf (2016), some results on the supermodular maximiza-
tion problem are given for normal and Kotz-type distributional models for the risk
vector X . Some general supermodular ordering results for conditionally comono-
tonic random vectors are established in Ansari and Riischendorf (2018). Therein, as a
useful tool, the upper product \/;j:1 D' of bivariate copulas D' € C is introduced by

d 1
\/ Di(u):=D'v.---vDiu) = / min {3, D" (u;, t)} dt
. 0 l<i<d
i=1

foru = (uy,...,ug) € [0,1]%, where 3, denotes the partial derivative operator
w.r.t. the second variable. (Note that we superscribe copulas with upper indices in this
paper which should not be confused with exponents.) If the risk factor distribution G
is continuous, then \/?:1 C' is the copula of the conditionally comonotonic risk vec-
tor (F gll 7U ))1 ., with specifications Cx, 7 = C I see Ansari and Riischendorf

i <is
(2018), Proposition 2.4. Thus, ordering the dependencies of conditionally comono-
tonic random vectors is based on ordering the corresponding upper products. In

particular, a strong dependence ordering condition on the copulas A’, B! € C, (based
on the sign sequence ordering) allows us to infer inequalities of the form

Alv...valv B <, A'v...v Al B2,
see (Ansari and Riischendorf 2018), Theorem 3.10. In this paper, we characterize
upper product inequalities of the type
M*vD*v---vD% <y, M*VEV---VE 9)
—
(d—1)-times
for copulas D2, ... Dd, E € Gy, where M? denotes the upper Fréchet copula in the
bivariate case. These inequalities are based on simple lower orthant ordering condi-

tions on the sets S’ such that solutions of the maximization problems (5) — (7) exist
and can be determined.
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The problem to find risk bounds for the Value-at-Risk (VaR) or other risk measures
of a portfolio under the assumption of partial knowledge of the marginals and the
dependence structure is a central problem in risk management. Bounds for the VaR
(or the closely related distributional bounds), resp., for the Tail-Value-at-Risk (TVaR)
based on some moment information have been studied extensively in the insurance
literature by authors such as Kaas and Goovaerts (1986), Denuit et al. (1999), de
Schepper and Heijnen (2010), Hiirlimann (2002); Hiirlimann (2008), Goovaerts et
al. (2011), Bernard et al. (2017a); Bernard et al. (2018), Tian (2008), and Cornilly
et al. (2018). Hiirlimann (2002) derived analytical bounds for VaR and TVaR under
knowledge of the mean, variance, skewness, and kurtosis.

The more recent literature has focused on the problem of finding risk bounds under
the assumption that all marginal distributions are known but the dependence struc-
ture of the portfolio is either unknown or only partially known. Risk bounds with
pure marginal information were intensively studied but were often found to be too
wide in order to be useful in practice (see Embrechts and Puccetti (2006); Embrechts
et al. (2013); Embrechts et al. (2014)). Related aggregation-robustness and model
uncertainty for risk measures are also investigated in Embrechts et al. (2015). Sev-
eral approaches to add some dependence information to marginal information have
been discussed in ample literature (see Puccetti and Riischendorf (2012a); Puccetti
and Riischendorf (2012b); Puccetti and Riischendorf (2013); Bernard and Vanduf-
fel (2015), Bernard et al. (2017a); Bernard et al. (2017b), Bignozzi et al. (2015);
Riischendorf and Witting (2017); Puccetti et al. (2017) ). For some surveys on these
developments, see Rueschendorf (2017a, 2017b).

Apparently, a relevant dependence information and structural information leading
to a considerable reduction of the risk bounds is given by the partially specified risk
factor model as introduced in Bernard et al. (2017b). In this paper, we show that for
a large relevant class of partially specified risk factor models—the internal risk factor
models—more simple sufficient conditions for the supermodular ordering of the upper
products—and thus for the conditionally comonotonic risk vectors—can be obtained
by simple lower orthant ordering conditions on the dependence specifications. These
simplified conditions allow easy applications to ordering results for risk bounds with
subset specification sets S’ described above. We give an illuminating application
to real market data which clearly shows the potential usefulness of the comparison
results. For some further details, we refer to the dissertation of Ansari (2019).

2 Internal risk factor models

A simplified supermodular ordering result for conditionally comonotonic random
vectors can be obtained in the case that the risk factor Z is itself a component of these
risk vectors. As a slight generalization, we define the notion of an internal risk factor

model.

Definition 1 (Internal risk factor model) A (partially specified) internal risk fac-
tor model with internal risk factor Z is a (partially specified) risk factor model
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Xi)i<i<da,» Xi = fi(Z, &;), suchthat for some j € {1, ..., d} and a non-decreasing
function g; holds X j = g;(Z) .

Without loss of generality, the distribution function of the internal risk factor can
be chosen continuous, i.e., Z ~ G € ]—'Cl . Thus, the not necessarily uniquely deter-
mined copula of (X, Z) can be chosen as the upper Fréchet copula M 2 . This means
that X ; and Z are comonotonic and Z can be considered as a component of the risk
vector X which explains the denomination of Z as an internal risk factor.

In partially specified risk factor models, the dependence structure of the worst
case conditionally comonotonic vector is represented by the upper product of the
dependence specifications if G € ]-'J , 1.e.,

d
(Frlz@) __ ~\/Cl(Fi..... Fo). (10)
- i=1

Thus, assuming w.l.o.g. that j = 1, our aim is to derive supermodular ordering
results for the upper product M2 v D? v/ - .. v D? with respect to the dependence
specifications D' .

For a function f: RY — R, let Af f(x) == f(x + ee;) — g(x) be the difference
operator, where ¢ > 0 and e; denotes the unit vector w.r.t. the canonical base in RY .
Then, f is said to be supermodular, resp., directionally convex if Afi Ajj f = 0 for
alll <i < j <d,resp.,,1 <i < j < d. For d-dimensional random vectors
&,&’, the supermodular ordering & <y, &', resp., the directionally convex ordering
& <dcx & is defined via Ef(§) < Ef (&) for all supermodular, resp., direction-
ally convex functions f for which the expectations exist. The lower, resp., upper
orthant ordering & <j, &', resp., & <,, &’ is defined by the pointwise comparison of
the corresponding distribution, resp., survival functions, i.e., F¢ (x) < Fg/(x), resp.,
Fe(x) < Fe(x) for all x € RY. Remember that the convex ordering ¢ <¢x ¢’
for real-valued random variables ¢, ¢’ is defined via Ep(¢) < Eg(¢’) for all con-
vex functions ¢ for which the expectation exists. Note that these orderings depend
only on the distributions and, thus, are also defined for the corresponding distribution
functions. For an overview of stochastic orderings, see Miiller and Stoyan (2002),
Shaked and Shantikumar (2007), and Riischendorf (2013).

The following theorem is a main result of this paper. It characterizes the upper
product inequality (9) concerning partially specified internal risk factor models.

Theorem 1 (Supermodular ordering of upper products) Let D> ..., D? E € C;.
Then, the following statements are equivalent:

(i) D' <, Eforall2<i<d.

G) M>vD*v.-..vD?<,M*VEV---VE .
e e’
(d—1)-times

i)y M>vD>v...vD! <, M>VEV---VE .
~——————

(d—1)-times
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The proof of the equivalence of (i) and (ii) is not difficult, whereas the equivalence
w.r.t. the supermodular ordering in (iii) which we derive in Section 3 requires some
effort. Its proof is based on the mass transfer theory for discrete approximations of
the upper products and, further, on a conditioning argument using extensions of the
standard orderings <;,, <,,, <sm as well as of the comonotonicity notion to the
frame of signed measures.

Proof Assume that D' <io E.Then, foru = (uy,...,uy) € [0, 1]d , we obtain
from the definition of the upper product that

ui
M2\/D2v~~~\/Dd(u)=/ 2mm {E)ZD (ul,t)}
0 <i=<d

ui
< min {/ 32D’(ui,t)dt}
2<i=<d | Jo

= min {Di(ui,ul)}
2<i<d (ll)
< min {E(uuul)}

/ mm {02 E(u;, 1)} dt

=M2va---vE(u),
—
(d—1)-times

using that M (u, 1) = 1,,>) almost surely.

The reverse direction follows from the closures of the upper product (see Ansari
and Riischendorf (2018), Proposition 2.4.(iv)) and of the lower orthant ordering under
marginalization.

The proof of ‘(i) <= (iii)’ is given in Section 3. O

As a consequence of the above supermodular ordering theorem for upper prod-
ucts, we obtain improved bounds in partially specified internal risk factor models in

comparison to the standard bounds based on marginal information.

Theorem 2 (Improved bounds in internal risk factor models) For Fj € FL, let
Xj~F;,1<j<d, bereal-valued random variables such that C' = Cx; x, <io

E forall2 < i < d. Then, for Yy, ...,Ys with ngijoralll < j <dand
Cy,y, = E forall2 <i <d holds

(X1, ..o Xa) <sm (Yls y2|y ), . Yd\Yl(U)) (12)

for U ~ U(0, 1) independent of Y1 . In particular, this implies
d d
Y Xi < i+ Y Fyly (U). (13)
— —
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Proof Without loss of generality, let X; ~ U(0, 1). Then, (X, ..., X4) follows
a partially specified internal risk factor model with internal risk factor Z = X and
dependence constraints Cx; 7 = C', 2 <i < d . We obtain

X, <sm M*VC*v...vCl <, M*VEV...VE,
ﬁ,—/
(d—1)-times

.....

where the first inequality follows from Ansari and Riischendorf (2018), Proposition
2.4.(1) and the second inequality holds due to Theorem 1. Thus, (12) follows from the
representation in (10). The statement in (13) is a consequence of (8) and (12). O]

Remark 1 (a) The upper bound in (12) is comonotonic conditionally on Y.

Further, the vector ( Y2|Y1(U ), . Fgl I‘YI(U )) is comonotonic because all
copulas Cy, y, = E coincide, 2 < i < d, cf. Ansari and Riischendorf (2018),
Proposition 2.4(v).

(b) Ford = 2, (12) reduces to (X1, X2) <sm (Y1, Y2) and the upper product in
Theorem 1 simplifies to M*> v D*> = (D*)T | resp., M> Vv E = ET | where the
copula CT is the transposed copula of C € Cy , i.e., CT (u,v) = C(v,u). In
this case, the statements of Theorems 1 and 2 are known from the literature,
see, e.g., (Miiller (1997), Theorem 2.7). Further, for d > 2, the result in Theo-
rem 2 cannot be obtained by a simple supermodular mixing argument because,
in the general case, a supermodular ordering of all conditional distributions is
not possible, i.e., there exists a 7 outside a null set such that

X1, X)X =2 Zon (N1, Fyly, (U), ..., Fyy (U)Y1 =2z,

unless Cx, x, = E for alli, see (Ansari (2019), Proposition 3.18).

(©) If (Xi, X1) are negatively lower orthant dependent for all2 < i < d, i.e
Cx; x,(u,v) < M?u,v) = uv for all (u,v) € [0,11>, then Theorem 2
simplifies to

X1, Xa) Zon (X0 P )L FRL))

d d
and Y Xi <ex X1 4 ) Fi'(U),
i=1 i=2
where U ~ U (0, 1) is independent of X .
(d) ForG € ]—'C] , the right side in (12), resp., (13) solves the constrained maximization
problem (7), resp., (5) for the dependence specification sets

I = {Mz}, and
S ={CeC’|C=,E), 2<i<d. (14)
As a consequence of Theorem 2, we also obtain improved upper bounds under
some correlation information. For a bivariate random vector (Vi, V2) ~ C € Cp,

denote Spearman’s p , resp., Kendall’s t of (Vy, V2) by ps(Vi, V2) = ps(C), resp.,
Vi, Vo) = 7(C).

) Springer Open
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Forr € [—1, 1], define C" (u, v) := sup{C(u,v) | C € C2, ps(C) =r}, (u,v) €
[0, 11?. Then, C” is a bivariate copula and is given by

C’(u,v)=min{u,v,%+¢(u+v—1,1+r)} ,

where ¢(a,b) = é [(91) + 3962 — 3¢9 1/3 + (9b — 3/9b2 — 3a6)1/3] , see
Nelsen et al. (2001) [Theorem 4].

Fort € [—1, 1], define D' (u, v) := sup{C(u,v) | C € C2, ©(C) =t}, (u,v) €
[0, 1]%>. Then, D' is a bivariate copula and given by

D’(u,v):min{u,v,%[(u+v— 1)+\/(u+v—1)2+1+t” ,
see Nelsen et al. (2001) [Theorem 2].
The risk bounds can be improved under correlation bounds as follows.
Corollary 1 (Improved bounds based on correlations) Let X1, ..., X4 be real-

valued random variables such that either

1) ps(X1,X;) <0S5forall2 <i<d,or
(1) ©(X1,X;) <O0forall2 <i<d.

Let r = maxo<i<q{ps(X1, X;)}, resp., t = maxo<j<q{t(X1, X;)}. Then, for
Yi,...,Yg with ngXj, 1 <j<d,andCy,y, = C", resp., Cy,y, = D' forall
2 <i <d, it holds true that

X1, Xa) Zm (Y10 Fiyly, (U)o il (U))

(15)
<o (Fi ), Fl )

where U ~ U (0, 1) is independent of Y .

Proof The result follows from Theorem 2 using the monotonicity of the distribu-
tional bound C” in r, resp., D' in t w.r.t. the lower orthant ordering, see Nelsen et al.
(2001) [Corollary 5 (a),(b),(e), resp., Corollary 3 (a),(b),(e)]. O

Remark 2 Forr € (—1,0.5) andt € (—1,0), it holds that ps(C") > r and
T(D") > t, see Nelsen et al. (2001) [Corollary 3(h), resp., 5(h)]. Thus, for F; € F',
l<i<d,GeF!and

S'={M?*), and
S'={CeClps(C) =r} resp. S'={CeC|(C) =1},
2 <i <d, only an improved upper bound in supermodular ordering for the con-

strained risk vectors but not a solution of maximization problem (5), resp., (7) can be
achieved.
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To also allow a comparison of the univariate marginal distributions, remember
that a bivariate copula D is conditionally increasing (CI) if there exists a bivariate
random vector (U1, Uz) ~ D such that U;|U, = u is stochastically increasing in u;
and Uy |U; = u is stochastically increasing in u . Equivalently, d, D (u, v) is almost
surely decreasing in v for all # € [0, 1] and d; D(u, v) is almost surely decreasing in
u forallv € [0, 1].

If the upper bound E in Theorem 2 is conditionally increasing, then the case of
increasing marginals in convex order can also be handled.

Theorem 3 (Improved bounds in <gcx-order)

Let X1, ..., X4 be real-valued random variables with Cx, x, <io E forall2 <i <
d . Assume that E is conditionally increasing. Then, for Y1, ..., Yy with X; < ¥;
foralll < j <dandCy,y = E forall2 <i <d holds

X1 Xa) Zaex (Y1 Pyl (), Frly, ())

where U ~ U (0, 1) is independent of Y1 . This implies

d d
Y Xi < i+ Y Fyly (U). (16)
i=1 i=2

Proof Let Y/, ..., Y, with ngY; forall 1 < j < d and CnyYI/ = E for all
2 <i <d . Then, we obtain from (12) that

X1 Xa) Zo (Y Py (V) B ()

for V.~ U(0, 1) independent of Y{. Since both (Y]’, Fg}Y{(V), A FIZ;YI,(V)) and
—1 —1 2 i
<Y1, FYzIYl(U)’ e, FYd|Yl(U)> have the same copula M~ v E Vv ---V E, which

(d—1)-times
is easily shown to be CI, the statement follows from Miiller and Scarsini (2001),
Theorem 4.5 using ¥/ <. Y; . O

Remark 3 For F, ..., F; € F!, consider the sets }'i’ = {F € FYF <. F;}.
Let the sets S' of dependence specifications be given as in (14). If E = C Y.y, is CI
and Y; ~ F;, then the upper bound in (16) solves maximization problem (6) with
marginal specification sets Fy = .7-"C1 and F; = F for1 <i <d.

For a generalization of Theorem 2, we need an extension of (8) as follows.

be (d x m)-

Lemma 1 Ler X = (Xfc)lgigd,lgkgm and Y = (Ylé)lgigd,lskfm

matrices of real random variables with independent columns.
If(Xllc)1<i<d <sm (Y,é)l<l.<df0r all 1 <k < m, then it holds true that

gx/u (i fi (Xk)) Y (g fi (Yi))

k=1 i=1
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Sfor all increasing convex functions v; and increasing functions fi .

Proof By straightforward calculations, it can be shown that the function
h: (R™)? — R given by

)

is supermodular for all increasing convex functions ¢ . Then, the invariance under
increasing transformations and the concatenation property of the supermodular order
(see, e.g., Shaked and Shantikumar (2007) [Theorem 9.A.9(a),(b)]) imply that

;w, (Z fi (Xk)) Siex gwi (é fi (Yi)) ,

where <;., denotes the increasing convex order. Since it holds for 1 < i < d that

ZZLZI f]é (XIZC) g Zrkn=l f/; (Y/é) » We obtain

|2 ()] =[S (S ren))

Hence, the assertion follows from Shaked and Shantikumar (2007) [Theorem
4.A.35]. O

The application to improved portfolio TVaR bounds in Section 4 is based on the
following generalization of Theorem 2.

Theorem 4 (Concatenation of upper bounds) For Fik e FL, let (Xll‘, X (I}) ,
1 < k < m, be independent random vectors with X lk ~ Fl.k . Assume that C Xk xk <lo

EX for Ek € Crforall2 <i <d,1 <k < m. Then, for independent vectors
(Y, ... ¥§) with YFEXE and Cyp o = E¥* forall2 <i < d . 1 < k < m holds

xk X") < (YEFL Wh, .. F; (UF 17
(xhoxb) = ( f Rl @ e Fla@d) )
where U, ..., U™ ~ U(0, 1) are i.i.d. and independent of Ylkfor all k . This implies

d m
D e (Z Xf) Sex @1 (Z Y1> + Zw, (Z Fyip U ) (18)

i=1 k=1

for all increasing convex functions @1, ..., ¢q -

Proof Statement (17) follows from Theorem 2 with the concatenation property

of the supermodular ordering. Statement (18) is a consequence of Theorem 2 and
Lemma 1. O
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Remark 4 Under the assumptions of Theorem 4, the right hand side in (18) solves
maximization problem (5) for

St = HMZ}
8 = {Cps ) xty | Ot Sto B sk} 2<i<d,

where F; :F(p[(zkxik), l<i<dandG e F!.

3 Proof of the supermodular ordering in Theorem 1

In this section, we prove the equivalence of (i) and (iii) in Theorem 1. This requires
some preparations. We approximate the upper products by discrete upper products
based on grid copula approximations. Then, we show that these discrete upper prod-
ucts can be supermodularly ordered using a conditioning argument and mass transfer
theory from Miiller (2013). However, requires an extension of the orderings <y, ,
<uo » <sm ,» and of comonotonicity to the frame of signed measures.

3.1 Extensions of <j;,, <,,, and <y, to signed measures

For a Borel-measurable subset 2 C R? | denote by B(Z) the Borel-o-algebra on & .
Denote by M¢11 the set of probability measures on B(E) . A signed measure on B(E)
is a o-additive mapping p: B(E) — R such that (@) = 0. Let MO = MS(E),
resp., M}, = Mgli(E) be the set of all signed measures p on B(E) with u(E) = 0,
resp., 4(E) = 1 and finite variation norm ||u| = u(E) + = (E) < oo, where
wt, u are the unique measures obtained from the Hahn—Jordan decomposition of
uw = uT — p~ . Then, the definition of the orderings <;,, <o, and <j, can be
extended to signed distributions using this decomposition.

Definition 2 Ler P, Q € Mcll be signed measures. Then, define

(1) the lower orthant order P <;, Q if P((—o0, x]) < Q((—o0, x]) holds for all
x eRe,
(ii) the upper orthant order P <,, Q if P((x,00)) < Q((x, 00)) holds for all
x eRY,
(iii) the supermodular order P <g,, Q sz f(x)dP(x) < f f(x)dQ(x) holds for
all supermodular integrable functions f .

We generalize the concept of comonotonicity to signed measures as follows.
3.2 Quasi-comonotonicity
We say that a probability distribution Q , resp., a distribution function F is comono-

tonic if there exists a comonotonic random vector £ such that & ~ Q, resp.,,
Fe=F.
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For a signed measure P € M}, we define the associated measure generating
function F = Fp by F(x) = P((—o0, x]) and its univariate marginal measure
generating functions F; by Fi(x;) = PR x---Rx (—00, x;] xR x -+ xR) forx =
(xX1,...,xq9) € R4 and 1 <i < d. We define the notion of quasi-comonotonicity as
follows.

Definition 3 (Quasi-comonotonicity)
We denote P, resp., F as quasi-comonotonic if F(x) = lmind {Fi(x;)} forall x =
=i

(x1,...,xq) € R9.

Obviously, if P € M Lli , then the quasi-comonotonicity and comonotonicity of P
are equivalent.

The following lemma characterizes the lower orthant ordering of (quasi-) comono-
tonic distributions in terms of the upper orthant order.

Lemma 2 Let P € M}l be a signed distribution with univariate marginal distri-
bution functions F; , 1 <i <d.Let Q € lei be a probability distribution. Assume
that F;(t) < 1 forallt € R, 1 <i < d.If P is quasi-comonotonic and Q is
comonotonic, then it holds that

PfloQ — PZu0Q~
Proof Let A; = {(y1,...,ya) € R?|y; € (x;,00]}, 1 <i <d,andleta; :=

Fi;(xi;) for iy, ..., iq € {1,...,d} such that a; > ... > ag4. Then, the survival
function F corresponding to F is calculated by

()1 ()

F(x)

Il
™

p£JC(1,....d} jed
=1- Z (=DYH min(F; (x))
GLIC(L,....d)} jed
d k _ k—1
=1-) Y (=Dki (k ) a
k=1 j=1 —J

1 —a; =1— max {F;(x;)},
1<i<d

where the fourth equality holds true because P is quasi-comonotonic, F; < 1 and
F;(00) = 1 for all i. The fifth equality follows since there are (Z:;) subsets of
{1,...,k} with k — j 4 1 elements such that k is the maximum element. The sixth
equality holds due to the symmetry of the binomial coefficient.
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Let G be the distribution function corresponding to Q with univariate margins
G, . Then, it holds analogously that G(x) = Q((x, 00)) = 1 — max; {G;(x;)} for
x=(x1,...,xq) € R4 . We obtain that

PSIOQ
min{F;(x)} < min{G;(x))} V(x1,...,xq) € R
[ i
Fi(t) <Gi(t) YteRVY1<i<d
1 — max {F;(x)} > 1 — max {G;(x;))} V (x1,...,xq) € R
! i

11119

qu() Q!

where we use for the second equivalence that F;, G; < 1 and F;(c0) = G;(o0) =1
forall 1 <i < d.The third equivalence holds true because G; > 0 and G;(—oc0) =0
for all i . ]

3.3 Grid copula approximation

In this subsection, we consider the approximation of the upper product by grid cop-

ulas. In the proof of the supermodular ordering in Theorem 1, we make essential use

of the property that this approximation is done by distributions with finite support.
Forn € Nandd > 1, denote by

Gﬁ::{(%‘,...,%’)Uke{1,...,n},ke{1,...,d}} , Tesp.,
Gz’ozz{(%,...,%’)Uke{O,...,n},ke{l,...,d}}

the (extended) uniform unit n-grid of dimension d with edge length % .

The following notion of an n-grid d-copula is related to an d-subcopula with
domain Gﬁ , see, e.g., Nelsen (2006), Definition 2.10.5. For our purpose, we also
need a signed version. Denote by |-| the componentwise floor function.

Definition 4 (Grid copula) For d € N, a (signed) n-grid d-copula (briefly grid
copula) D: [0, 1% — R is the (signed) measure generating function of a (signed)
measure (L € M}l (GZ o) With uniform univariate margins, i.e., it holds that

i D =D (2) = u ([0, 2] for aitu € [0, 117, and
(i) foralli =1,...,d holds D(u) = X forallk = 0,....n, ifu; = % and
uj=1forall j #1i.

Denote by Cy ,, (resp., € C;,n) the set of all (signed) n-grid d-copulas.

An %—scaled doubly stochastic matrix or, if the dimension of the matrix is clear, a
mass matrix is defined as an n x n-matrix with non-negative entries and row, resp.,
column sums equal to % . By an signed %-scaled doubly stochastic matrix or also
signed mass matrix, we mean an }L-scaled doubly stochastic matrix where negative
entries are also allowed.
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Obviously, there is a one-to-one correspondence between the set of (signed) n-grid
2-copulas and the set of (signed) %-scaled doubly stochastic matrices.

For a bivariate (signed) n-grid copula E € C; , (€ Cs’n), the associated (signed)
probability mass function e is defined by

e(u,v) == AVA2ZEu,v), (u,v) € G2,

where Ail (distinct from Afi) denotes the difference operator of length % with respect
to the i-th variable, i.e.,

Abg(u) = g(u) — g((u — Le;) v 0)
foru e Gio and the i-th unit vector ¢; . Further, define its associated (signed) mass
matrix (ex) 1<k i<n by
_ k=1 I
ew=e(1-551 1) (19)
For every d-copula D € C4 , denote by G, (D) its canonical n-grid d-copula given
by
Gn(D)w) := D (L”H—“J) L uelo, 1%,
Define the upper product \/: (C2.,)? — Cq., for grid copulas D}, ..., D4 € .,
by

n

d
\/ Dj(ui,....ug): =) min {AﬁDﬁ, (ui. %)}
i=1 k

— 1si=d
- (20)
_ 1 - : AZDE (u: K
—;ersnll;ld n n n(ul’;)
k=1
for (uy, ..., uq) € [0, 1]¢ . A version for signed grid copulas is defined analogously.

The following result gives a sufficient supermodular ordering criterion for the
upper product based on the approximations by grid copulas, see Ansari and
Riischendorf (2018), Proposition 3.7.

Proposition 1 Let D', E! € C) be bivariate copulas for 1 <i <d . Then, it holds
true that

d d d d
\/Gn(Di) =sm \/Gn(El) VneN = \/Di Ssm \/Ei .

i=1 i=1 i=1 i=1

We make use of the above ordering criterion because the approximation is done
by distributions with finite support. But the supermodular ordering of distributions
with finite support enjoys a dual characterization by mass transfers as follows.

3.4 Mass transfer theory

This section and the notation herein is based on the mass transfer theory as developed
in Miiller (2013).
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For signed measures P, Q € Mé with finite support, denote the signed measure
Q — P atransfer from P to Q . To indicate this transfer, write

n m
D idy = Y Bidy, 21)
i=1 i=1

where (Q — P)™ = Y I, @8y, and (Q — P)" = Y1 | B;8y, for a;, Bj > 0 and
Xi,yj € R, 1<i< n,1 < j < m.A reverse transfer from P to Q is a transfer
from Q to P.

Since Q = P+ (Q—P) =P —>" &y + > i, Bidy , the mapping in
(21) illustrates the mass that is transferred from P to Q . By definition, it holds that
Q—-Pc¢ Mg . Thus, mass is only shifted and, in total, neither created nor lost.

For aset M C Mg of transfers, one is interested in the class F of continuous
functions f: S — R such that

STBifON =Y aifxi)
j=1 i=1

whenever 1 € M, where w := Y 1_, B8y, — D1 @idy; , &, Bj > 0. Then, F is
said to be induced from M.

We focus on the set of A-monotone, resp., A-antitone, resp., supermodular trans-
fers. These sets induce the classes FA of A-monotone, resp., 5, of A-antitone, resp.,
Fsm of supermodular functions on S .

Definition 5 Let n > 0. Let x < y with strict inequality x; < y; for k indices
i1,...,0k forsomek € {1,...,d}. Denote by V,(x, y), resp., Ve(x, y) the set of all
vertices z of the k-dimensional hyperbox [x, y] such that the number of components
with z; = x; , i € {i1, ..., i} is odd, resp., even.

(1) A transfer indicated by

n Zaz%n ZSZ

z€Vo(x,y) z2€Ve(x,y)

is called a (k-dimensional) A-monotone transfer.
(i1) A transfer indicated by

n Z ;| =1 Z 8 if k is even, and

€V, (x,y) z2€Ve(x,y)

n Z 8, | =1 Z 8, | ifkisodd

2€Ve(x,y) 2€V(x,y)

is called a (k-dimensional) A-antitone transfer.
(i) Forv,w € RY, a transfer indicated by

N8y + 8w) = N(Spaw + Suvw)
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is called a supermodular transfer, where A , resp., V denotes the component-
wise minimum, resp., maximum.

The characterizations of the orderings <,, , <j, , resp., <y, by mass transfers due
to (Miiller (2013), Theorems 2.5.7 and 2.5.4) also hold in the case of signed mea-
sures because the proof makes only a statement on transfers, i.e., on the difference of
measures.

Proposition 2 For signed measures P, Q € M‘]j with finite support holds:

1) P <uo Q if and only if Q can be obtained from P by a finite number of
A-monotone transfers.
(i) P <jo Q if and only if Q can be obtained from P by a finite number of A-
antitone transfers.
(i) P <gn Q if and only if Q can be obtained from P by a finite number of
supermodular transfers.

Remark 5 From Definition 5, we obtain that exactly the one-dimensional A-
monotone, resp., A-antitone transfers affect the univariate marginal distributions.
Hence, for measures P, Q € MLIJ(E) with equal univariate distributions, i.e.,
P7Ti = QT | m; the i-th projection, for all 1 < i < d, holds that P <,, Q, resp.,
P <, Q if and only if Q can be obtained from P by a finite number of at least
2-dimensional A-monotone, resp., A-antitone transfers. But note that also the one-
dimensional A-monotone, resp., A-antitone transfers can affect the copula, resp.,
dependence structure.

Now, we are able to give the proof of the main ordering result of this paper.
3.5 Proof of ‘(i) < (iii)’ in Theorem 1

Assume that (iii) holds. Then, the closures of the upper product and the supermodular
ordering under marginalization imply (D)7 = M? v D' <,,, M*> Vv E = ET . But
this means that D' <, E .

For the reverse direction, assume that D' <;, E for all 2 < i < d. Consider
the discretized grid copulas D,ﬁ = G, (D), M,% = G,(M?), and E, := G,(E),
2 <i <d, and denote by d,i , resp., ey, the associated mass matrices of Dﬁl , Tesp.,
E,. We prove for the upper products of grid copulas, defined in (20), that

Cp:=M:vD2V-..v D¢

n

<sm M?V E,V---VE,=:B,, (22)
—

(d—1)-times

showing that there exists a finite number of supermodular transfers that transfer C,
to By, . This yields (iii) applying Propositions 2 (iii) and 1. '

To show (22), consider for 2 < i < d the signed grid copulas (D), ,)1<k<n ON Gﬁ
defined through the signed mass matrices (d,i ) 1<k<n given by
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‘yi=d,, and
en(u;, t) 1ft—§
i i 1) = i)+ di (it =) = e (wir = 1) ifr =51, 23
dy (i, 1) if 7 7s§ %

forl<k<n-1. _
Forall 2 <i < d and for all n € N, the sequence (d;l’k)lfkgn of signed mass

matrices adjusts the signed mass matrix d,‘; column by column to the signed mass
matrix e, . It holds that d,, , = e, foralli and n.

For C, ::Mr%VD;%,kV VDﬁk,lkan,weshowthat

Cn,k <sm Cn,kJrl (24)

forall 1 < k < n — 1. Then, transitivity of the supermodular ordering implies (22)

because C,,1 = Cy, an_d Cnn=B,. .
We observe that D' <, E yields D! <j, E, and also

D} <io D} 441 <o En (25)

forall 1 < k < n — 1. Further, we observe that C,, x and C,, x4 are (signed) grid
copulas with uniform univariate marginals, i.e.,

Cox (L, ..., Luj, ..., ) =u;=Cypp(1,...,L,uj,1...,1) (26)

forall u; € Gl 1.0 and 1 < j < d. This holds because A2 k(u,, 1) < for all

(uj, t) € Gi,o and for all / and k, even if d,’l,k can get negative for t = ﬁ and some
u; < 1.
By construction of (D’ k)1<k<n , it holds that

ApD} i t) = AT E(ui 1) fort <X, (27)

foralll <k <n—1andforallu; € Gl O,2<z <d.

To show (24), fix column k € {1, ...,n — 1} of the signed mass matrices. Con-
ditioning under u; € G, consider the conditional (signed) measure generating
functions

Cll = nALCoi 1, ) = n(Cop(ur, ) = G (w1 = 1)
forl=1,...,n, where
. 1 . 2 i
Cn1(u) = XG; min { a L2y, 2I;1ilgd{AnD;lz,l(”is z)}}
zZ€

= m1n A Dn (i, 2)}

2<i<
4‘<M1

e({},,

is the upper product of the (signed) grid copulas M,,, Dn [rees D,‘f ; foru € Gﬁf 0
Hence, it holds for the conditional (signed) measure generating function that

Cyhu-1) —nzmln (ARD;  (ui, un)},
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and for its corresponding (signed) survival function that

Criu) = 1= n max (AYD], (i, un)),

where u_1 = (uo, ..., ug) € GZBl .
By the construction of (qu Di<i<n , it holds that

Cry=Crpyy forallx € G\ {&, &) (28)
We show that
C v Zuo Cpps forx = &, (29)
Cr ko Zuo Co iy forx = &L and (30)
PUL() x Pc; <gn PU'() x P, for Up ~U({5, L)) 31)
where PY1(.) x Pc,, . tesp., PUI() x Pc, ., is the conditional measure generat-

ing function of Pc, . , resp., Pc, ., given the set {k k+]} Gd !'. Then, (28) and
(31) imply (24) using (a slightly generalized version of) the closure of the supermod-
ular ordering under mixtures given by Shaked and Shantikumar (2007) [Theorem
9.A9.(d)].

To show (29), let us fix u; = 5 . Then, we calculate

min (AZD] (s, £)) + 21 min (A7, (s, ) (32)
k 2
mZI 2I<nll£1 {A n, k(uh ;)}

< min {D,,,k(ui,ul)}

2<i<d
< 2rﬁlrliigd{En(ui, u1)}
= E,( m_ind{ui}, u) (33)
<Ii<

k
2 in () m
2=: AnEn(zglgd{uz}a n)
k
=) rn_ind{AzE (i, )}, (34)

where the first equality follows from (27), the first inequality is Jensen’s inequality,
the second inequality is due to (25). Equality (33) holds because E, is a grid copula
and does not depend on i , the third equality holds by definition of Aﬁ , and the last
equality is true because E, is a grid copula, thus 2-increasing, and hence A%En(-, 1)
is increasing for all t € G} .
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Then, from (32) and (34) it follows for the k-th columns of the matrices that

. 2 i . 2 . 2 i
min {A2D:  (u;, u < min {AZE,(u;,u1)} = min {AZD ui,uy)},
2§i§d{ n n,k( i l)} = 2§i§d{ n n( i 1)} 251’551{ n n,k+1( i 1)}

where the equality holds true due to (27). This means that
Cok Sto Crles (35)

holds. Further, C“'k corresponds to a quasi-comonotonic signed measure in I\\/JI;l with

univariate marginals given by nA2 ((u) <1, and C k41 corresponds to a
comonotonic probability dlstrlbutlon Thus we obtam from Lemma 2 that (29) holds.
Next, we show (30). Due to (29) and Proposmon 2, there exists a finite number

of reverse A-monotone transfers that transfer C  to C e i.e., there exist m € N

and a finite sequence (P;"' )1<l<m of signed measures on G¢~! such that

P" =Pen . Pul=Pem - and
k n k+1
M;“ = Pl+11 - P is a reverse A-monotone transferf.a. 1 </ <m — 1.

Since the univariate margins of CZ lk and CZ ‘k 4 do not coincide, some of the trans-

fers (,u;“ ) ; must be one-dimensional, see Remark 5. Each one-dimensional transfer

M;tl transports mass from one point u' = (ul2 cee uii) € GZ‘I to another point

vl = (vh,...,v)) € G¢! such that v/ < u! foran: € {2,...,d} and ulj = vﬁ. for

all j #¢, 1e., M}” =1 (sz - Buz) is indicated by
08 — 18y (36)

for some ' > 0. Since applying mass transfers is commutative, we first choose
to apply all of these one-dimensional reverse A-monotone transfers. Because §-
dimensional A-monotone transfers leave the univariate marginals unchanged for
8 > 2, see Remark 5, the univariate margins of C;’"k must be adjusted to the
univariate margins of C"' . having applied all of these one-dimensional reverse
A-monotone transfers.

Then, since the grid copula of C:ﬁlk 41 18 the upper Fréchet bound and hence
the greatest element in the <, ,-ordering, no further reverse A-monotone transfer is
possible. Thus, C Z,lk 4118 reached from above having applied only one-dimensional

n,k+1

A-monotone transfers ,ul ,1<l<m-—1,onP L s ie.,

n k
m—1 m—1
up _ [ _ _ "
Pen + >t = Peny + > oG =8, = Peny - (37)
=1 =1
For all reverse A-monotone transfers ,u}“ , consider its corresponding reverse
transfer ul wHl/n . —p;" on G4~ indicated by n'8,; — '8, . Define
P]“H'l/" 1= P+, and
nk

Pl:ﬂrll-i-l/n — Plul-‘rl/n + M71+1/n _ Plul-‘rl/n . M71 forl=1,....m—1. (38
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The transfers (M}“ +/ n)

holds true that they adjust the univariate marginals of P cutin 1o the univariate
n k

marginals of P i/ This can be seen because only two entries (in column k) of
n.k+1

matrix ¢ are changed by the mass transfer ,u}“ . All other columns and matrices j # ¢
are unaffected by this transfer. From (28) follows that exactly the reverse transfers
M;“ +/n applied simultaneously on the corresponding entries in column k + 1 of mass
matrix ¢ guarantee the uniform margin condition (26) to stay fulfilled. Having applied
all transfers w; , then each column j # k + 1 of the mass matrix d’  1s adjusted to
column j of the mass matrix djl wyq forall 2 <i < d. But this also means that col-
umn k + 1 of the mass matrix d  must be adjusted to column k + 1 of dn 1
the uniform margin condition.

are one-dimensional A-monotone transfers. Then, it
I

due to

ui+1/n

Since applying the one-dimensional transfers u, on P it/ (which is

n k

1/n .
comonotonic) can change the dependence structure, the signed measure P”1+ /n

+1
not necessarily quasi-comonotonic, i.e., Py,' ™ does not necessarily coincide w1th

P_u;+1/» (which is quasi-comonotonic). We show that
nk+1

putlt/n _ p i (39)

n k+1

Since Cn © <lo C Jr1o See (35), it also holds that
ASDL (i, XY < ATDL (i k) Yui e GLvie {2, d},

where we use that

and

)
)

it follows that

IA

AZ nk( ) A an-H(
AnDn,k(l’S) Az nk+l (1

SIP«T‘ :Ik
S|= S|

forall 2 <i < d. By construction of ( - 1)

1<i<n
A2Dh (i SEL) = AZDE iy (i 55) Vi e G vie 2, d).
This implies

2r<nl1£1d{A D (u,-, - )} > 21213d{A Dn Kl (ul, %1)} Yu; € G,ll, 2<i<d.

But this means that C';"/" =, '}/ . Due to (23), it holds that €™/ is

n,k+1
u1+1/n

comonotonic and Cn et is quasi-comonotonic with univariate marginal measure

n

generating functions n A2 Dn Kl ( k+1> < 1. Thus, Proposition 2 yields (30).

Further, (30) and Proposition 2 imply that there exist m’ € N and a finite number
of reverse A-monotone transfers (y;)1<;<p that adjust PC141+1/n to P /- With

nk+1 n,k
the same argument as above, these transfers are one-dimensional. Further, the reverse
transfers (), )1</<m’, Where y/ = —y;, correspond to the A-monotone transfers
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u1+1/n

(“1 ) that adJust the margins of C”‘H/"
1§l§m

to the margins of C,/ 1,:;1]/ " . This

yields m = m’, b it lef ¥/ and thus pltt/in P _uy+1/n . which
nk+1
proves (39). Hence, (38) ylelds

m—1

Pourein + Yo T = Py (40)

=1 nk+l

It remains to show (31). Each transfer “1 , , resp.,, "1+1/" on fo_l can be

extended to a reverse A-monotone, resp., A-monotone transfer 1., T€Sp., W] on
{ui} x GZ‘I , resp., {u] + %} X GZ‘I , indicated by
! l ! !
n 3(,“’”[) -7 8(141,111) resp. n 5(141_,_1/",1}1) —>n 8(141_,_1/”,”1) . (41)

Then, for each [ € {1,...,m — 1}, applying the transfers u;, and p; in (41)
simultaneously yields exactly a transfer v/ on {u, u; + %} X Gz_l between (ul, u! )

and <u1 + % vl) , indicated by

l [
n <8(u1,u1) +5(u1+1/n,v1)) - (6(141,1)1) +8(u1+1/n,u’)> .

Each transfer v; is a supermodular transfer. Denote by () the one-point probabil-
ity measure in x . Then, finally, we obtain

1
Ui . . = — u
P () x PCn,k+1 ) <8{”1} X Pcn,lk+1 +8{u1+%} % PC"IH/")

nk+1

—1
1 g Uy u1+]/n
= 2 <8{u1 (Pcslk + ZXI: mp |+ 8{u1+%} P M|k+1/" + IX; My
m—1 m—1
<8{u1}XP“l+Z/J/lr+8 1+l}XPul+l/n+ZM1>
n

=1 =1

1
1 m-—
= E (8{,“} X PC:.lk + 8{u1+%} x P u1+1/n + ; l)[)

N =

1 m
= PU1(~) X PCr.r,k + 5 Z V]
=1
which implies (31) using Proposition 2. The first and last equality hold due to the
definition of the measures. The second equality is given by (37) and (40), the third
equality holds by the definition of ;. , resp., u; , and the fourth equality holds true
by the definition of v; . (]

Remark 6 (a) The proof is based on an approximation by finite sequences of
signed grid copulas that fulfill the conditioning argument in (28)—(31). Fur-
ther, we use the necessary condition that the lower orthant ordering holds
true—indeed, (32) and (34) yield Cy x <io Cu.ik+1—in order to show that the
supermodular ordering is also fulfilled.
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(b) The condition that the upper bound E for D' is a joint upper bound, i.e., it
does not depend on i , is crucial for the proof. Otherwise, Eq. (33) can fail, see
also (11). In general, it holds that

D <, E'Vi &= M*vD'v.-..vD? <, M*VE'v...vE?.
For a counterexample assume that D! = D? <;, EY <;, E%. Then, it holds
M*v D'vD*(1,.,)=M*>, E'VE:=M*VE'VE2Q,. ),

using the marginalization and the maximality property of the upper prod-
uct, see Ansari and Riischendorf (2018), Proposition 2.4, which yields a
contradiction to M*> v D' v D* <;, M>Vv E' v E?.

(c) While in the proof the Di ko 1 =k = n, can be signed grid copulas with
A2 D! i Uis 1) = 1 s forall (uj,t) € Gz (0 itis necessary that Ey is a grid cop-
ula and notonly a szgned grid copula. 0therwzse both monotonicity properties
in (33) and (34) can fail.

We illustrate the idea of the proof with an example forn =4 andd = 3 :

Example 1 Let D2, Di, E4 be 4-grid copulas given through the mass matrices
df, dj’ , resp., e4 by

2 1 3_ 1
dj = 15 s dy =15

—_o O W
S =N =
—_—N = O
N == O
DO = =
p—
O N = =
O S —y
N = = O
N O ==
O = N =
SO N

Then, we observe that DZ, Di <o E4. Consider the signed 4-grid copulas Di I
1 <1 <4,i=2,3,inFig. 1 constructed by (23). The conditional distribution

ofo\/ Dﬁl VD;?1 under u; = ‘—1‘ isgivenby4AiMf \/Dz1 \ D (4, ,') =
4mjn{AiDi (~, 4—1‘)}, where the arguments of the min-function correspond to the
1

T . , 2 3
distributions given through the first columns of dj , resp., d; .
Since

Cih =4 M4VD41VD41<4’ ) Zuo 4 M4VE4VE4(4’ ")ZCZ’IZ’

the solid-marked reverse A-monotone transfers can be applied to adjust the first
column of dil , resp., dil to the first column of es . These transfers are balanced
by the dashed-marked A-monotone transfers in the second columns which guarantee
that the new matrices diz , resp., diZ are still (signed) copula mass matrices. This

. . 2 3
procedure is repeated column by column until d4’ 4= d4’ 4=e€4.
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3.1-0 0 1. 1-1 1
+3 +1

L 042:1 1 . 1121 1
d4,1_ﬁ' +2 d471:E' +1

041=2 1 041 2 1

1401 2 2 1 0 1

0 4 0 0 0 2 1 1

P 1 1?1 1 o 1 1\1 1
12 = 3G ° R 4,2 = 1 - +1

10 1 0/2 1 1 1 0/2 1

29 —11 2 2 1 0 1

0 1 3.0 0 1 2.1

+4 +1

o 1 1 1)1 . 1 1 141

d4’3:—- +] d473:*'

10 1 0 241 10 1 0 2.1

9 2 —%9 29 2 —¥1

0 1 1 2 0 1 1 2

2.1, 1 1 2 0 P 1 1 2 0

a0 1 0 1 2 he 1 0 1 2

2 2 0 0 2 2 0 0

Fig. 1 This figure illustrates the mass transfers in Example 1
4 Application to improved portfolio TVaR bounds

In this section, we determine improved Tail-Value-at-Risk bounds for a portfolio
%, =YY% Y/, 1>0,in trading days, of d = 8 (derivatives on) assets S/ apply-
ing Theorem 4 about internal risk factor models. More specifically, let ¥/ = S! for
i=1,...,6and Y} = (S — K'); fori = 7,8, where K’ = 70 and K% = 10.
In this application, (Sf),zo denotes the asset price process of Audi (i = 1), Allianz
(i = 2), Daimler (i = 3), Siemens (i = 4), Adidas (i = 5), Volkswagen (i = 6),
SAP (i = 7), resp., Deutsche Bank (i = 8).

We aim to determine improved TVaR bounds for X7 for T = 1year =
254 trading days, resp., T = 2 years = 508 trading days . The underlying process
S, = (S, ..., Stg) is modeled by an integrable exponential process S; = So exp(L;)

under the following assumptions:
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LetmeNand 0 =1 < <-~-<tm=Twitht,-—ti,1=%for1§i§m.

(I) The component processes (L;),Zo are Lévy processes for all i .
(I) The increments (£, ..., &) == (L} =L} ... L& — LI ) 1<k <m,
are independent in k (but not necessarily stationary).

(IIT)  For all k£, there exists a bivariate copula E* € C; such that Cé:li,%.kl <y, E¥ for
all2 <i <d.

Assumptions (I)—(III) are consistent. Assumption (I) is a standard assumption
on the log-increments of (Sf),zo while Assumption (II) generalizes the dependence
assumptions for multivariate Lévy models because neither multivariate stationarity
nor independence for all increments is assumed. Assumption (III) reduces the depen-
dence structure between the k-th log-increment of the i-th component and the k-th
log-increment of the first component (which is the internal risk factor) by a subclass
S,i = {C € 2|C <, E*} of bivariate copulas.

Then, Theorem 4 yields improved bounds in convex order for the portfolio X7 if
the claims Y} are of the form Y} = 1//,-(5;) = Y; (exp(LiT)) = Y; (exp (Zle 5,2))
with i; increasing convex.

For the estimation of the distribution of S; , we make the following specification
of Assumption (4):

(1) Each (87) j =1,...,8, follows an exponential NIG process, i.e.,

=0 !
si=Shexp (L) 120,

where S} > 0 and where each (L!)
i, Bi, 8, vi .

;>0 18 an NIG process with parameters

For the estimation of upper bounds in supermodular order for the increments
(é‘,f kl R ,f), we specify Assumption (I) as follows:

(3) For fixed v € (2, o], the copula E¥ in Assumption (III) is given by a t-copula
with some correlation parameter p; € [—1, 1] (which we specify later) and v
degrees of freedom, i.e., EF = Cchx.

We make use of the relation between the (pseudo-)correlation parameter p of
elliptical copulas and Kendall’s T given by p(r) = sin (%r) , see McNeil et al.
(2015) [Proposition 5.37], because Kendall’s rank correlation does not depend on the
specified univariate marginal distributions in contrast to Pearson’s correlation. Thus,
in order to determine a reasonable value for p;, we estimate an upper bound for

T = mangifg{r,i}, where ‘L’,i =T (Cgli é_.kl) . Since it is not possible to determine
the dependence structure of each increment from a single observation, we estimate r,i
from a sample of past observations. To do so, we assume that the dependence struc-

ture of (E,i, ékl) does not jump too rapidly to strong positive dependence in a short
period of time as follows:
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(2) Forn € N, define the averaged correlations over the past n time points at time
k by r,éﬂ = % Z;’;(l) r,i_nﬂ. , for k > n . Then, we assume that

T = max {'L",i} < max {r,i a1 €k 42)
2<i<d 2<i<d

for some error €, > 0 (which we fix later).

The above assumptions include the basic assumptions of multivariate exponential
Lévy models because the stationarity condition in Assumption (II) yields (42). Fur-
ther, oy = 1 yields Ex = M? which means that Assumption (III) is trivially fulfilled
in this case. Note that in this application the dependence constraints are allowed to
come from quite a big subclass of copulas (see Remark 4).

Under the Assumptions (I)—(III), the dependence structure of (Y’T Y%) is not
uniquely determined fori = 2, ..., 8. Thus, we need to solve the constrained maxi-
mization problem (5) to obtain improved upper bounds compared to applying (2) for
partially specified risk factor models.

We mention that the structure of this section and the underlying data are similar
to Ansari and Riischendorf (2018), Section 4. But, there, the risk factor (which is the
“DAX”) is an external risk factor which is not part of the portfolio, whereas in our
application the internal risk factor “AUDI” is part of the underlying portfolio. This
allows use of the simplified ordering conditions established in this paper. Further,
the improved TVaR-bounds in this application are based on large sets of dependence
specifications of the daily log-returns (see Assumption (III) and Remark 4), whereas
in Ansari and Riischendorf (2018) all the dependence constraints on the time-7 log-
returns are assumed to come from a one-parametric family of copulas.

4.1 Application to real market data

As data set, we take the daily adjusted close data from “Yahoo! Finance” from
23/04/2008 to 20/04/2018. It contains the values of 2540 trading days for 8 assets
(with some missing data) which we denote by (s,: ey sf)1 <p<2s40 - More precisely,
(s}), are the adjusted close data of “AUDI AG (NSU.DE)", (s7), of “Allianz SE
(ALV.DE)”, (s,?) ;. of “Daimler AG (DALDE)”, (s,f') ;. Of “Siemens Aktiengesellschaft
(SIE.DE)”, (s3) , of “adidas AG (ADS.DE)”, (s9) ; “Volkswagen AG (VOW.DE)”,
(s{), of “SAP SE (SAPDE)” and (s9) , of “Deutsche Bank Aktiengesellschaft
(DBK.DE)”.

We choose f,iyn =T ((x’i_”+j’x’§_”+j)0§,/<n> as an estimator for r,i’n in
Assumption (4), where T denotes Kendall’s rank correlation coefficient (see, e.g.,
(McNeil et al. (2015), equation (5.50))) and (x,’;)2 k<2540 ATC the historical log-

returns of the i-th component, i.e., x,i := log s,i —log s,’éfl for2 < k < 2540 . Further,
we choose n = 30 and ¢, = € = 0.05 in (42).

In Fig. 2, the historical estimates Ty 30 are illustrated for 31 < k < 2540 and
fori = 2,..., 8. Further, the plot at the bottom-right shows the maximum of the
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Fig. 2 Plots of estimated Kendall’s rank correlation coefficients 7; , , fori =2,...,8, forn = 30, and

for different k; at the bottom right: T 30 = maxzsigg{f,iﬁo} (solid) and Ek = mang,-gg{p(fk“jo + €x)}
(dotted) for different k and €y = € = 0.05.

historical estimates T 30 = mangfg{f,i 30} (solid graph) as an estimator for 7%, and

it also shows the estimated historical upper bound E ‘= maxa<;<g{p (f,ﬁ .t ek)}

(dotted graph) with error € for p , 31 < k < 2540, see Assumption 4.

As we observe from Fig. 2 there is no strong correlation between the log-returns
(x}) , of “AUDI” and the log-returns (x}) i i # 1, of the other assets. We use this
property to apply Theorem 4 as follows.

For the prediction of an improved worst-case upper bound for X7 w.r.t. convex
order for T = 1 year, resp., T = 2 years, we choose the worst-case period of the
historical estimates p; for px with a length of m = 254 trading days, resp., m = 508
trading days. We identify visually that (Ek)k takes the historically largest values in a
period of length m = 254 , resp., m = 508 for 1797 < k < 2050, resp., 1543 < k <
2050, see the plot at the bottom right in Fig. 2. Thus, we decide on (6;)1797<k<2050 »
resp., (Pr)1543<k <2050 as the worst-case estimate for (o)1 <k<254 , r€sp., (0k)1<k<508
with error € = 0.05 in (42).
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Then, we obtain from Theorem 4 that

=§ %=ZST+Z<ST—K>+
ElEd B o5 ),
<ex €Xp (i; >+Zexp (Z ml(U" ) @)

where ¢/ ~ & for1 <i <8, Coigl = EX = Cl* for px = proso—miks1 and
2<i<8,UF~ U(0, 1) and U*, ;‘ll independent for all 1 < k,/ < m . Denote
by % the distributional transform of §k] , see Riischendorf (2009), and let t,, be the

distribution function of the 7-distribution with v degrees of freedom. Then, it holds
that

-1 ky _ —1 k
Faa@h = Ft (1 (pevoz UY))

where f is given by

<v+tu_l(z)2) (1 —r2)
v+1

frov,z,e) =10, |rei; @) + 0

Note that the distribution function of (f(r,v, Z,¢),Z), Z,e ~ U(0, 1) inde-
pendent, is the t-copula with correlation r and v degrees of freedom, see Aas et al.
(2009).

The Tail-Value-at-Risk at level A (also known as Expected Shortfall) is defined by

1
TVaR, () = ﬁ/ F;l(t)dt, e ©1). (44)
- A

for a real-valued random variable ¢ . If ¢ is integrable, then TVaR; is a convex
law-invariant risk measure, see, e.g., Follmer and Schied (2010), which satisfies the
Fatou-property. As a consequence of (4) and (43) we obtain

TVaR, (S7) < TVaR, (zg,w),v) < TVaR; (35) . (45)
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Table 1 Comparison of the improved risk bound TVaR;, (Z(f.( mw) with the standard comonotonic risk

bound TVaR; (ZLT) for TVaR, (X7) for T = 1 year, resp., T = 2 years, for different levels A and for
different v .

T =1 year TVaR; (2;54.([%),],) TVaR;, (35s,)
E[2254] = 1536 v=3 v=10 V=00

=05 1878 (11.1%) 1876 (11.5%) 1873  (12.1%) 1920

A=08 218 (124%) 2213 (12.9%) 2208  (13.6%) 2314
=09 2452 (13.1%) 2445 (13.6%) 2437 (144%) 2589
=095 2678 (13.6%) 2669  (143%) 2657  (152%) 2858

5 =0.99 3195 (147%) 3179 (15.6%) 3155  (16.8%) 3482

A =0995 3419 (152%) 3400 (16.1%) 3369  (17.5%) 3757

A =0.999 3955 (164%) 3929  (17.3%) 3876 (19.1%) 4430

T =2 years TVaR: (g, ().0) TVaR,, (y5)
E[2508] = 1528 v=3 v=10 V=00

A=05 1992 (125%) 1990  (13.0%) 1987  (13.5%) 2059
A=08 2498 (14.8%) 2491  (153%) 2484  (16.0%) 2666

% =09 2865  (15.9%) 2856 (16.5%) 2844  (17.2%) 3118
=095 3233 (168%) 3219 (17.5%) 3201  (18.4%) 3577

A =099 4114 (185%) 4085  (19.4%) 4048  (20.6%) 4700

A = 0.995 4513 (19.0%) 4473 (20.1%) 4428  (21.3%) 5215

» = 0.999 5500 (204%) 5422 (22.0%) 5353 (234%) 6520

The relative DU-improvement given by 1 — (TVaR-A (2?,(”)&) — IE[ZT]) / (TVaRA (E%) — E[ET]) is
displayed in parentheses

4.2 Empirical results and conclusion

The improved risk bounds TVaR; (E%( pk),v> for TVaR; (X7) are compared in

Table 1 with the standard comonotonic risk bound TVaR, (E;) (5 million simulated
points) for different values of A and v and for T = 1 year (= 254 trading days), resp.,
T = 2 years (= 508 trading days).

As observed from Table 1, there is a substantial improvement of the risk bounds
up to 20% for T = 1 year and about 20% for T = 2 years for all degrees of freedom
v of the t-copulas C/* and high levels of A. For T = 2 years, the improvement is
even better because the two-year worst-case period for i also contains the one-year
worst-case period for g where in the latter one attains higher values.

We see that the improvement is larger for higher values of v. This can be explained
by the fact that C? has a higher tail-dependence for smaller values of v, see, e.g.,
Demarta and McNeil (2005). Thus, for small v, more extreme events (= realizations
of the log-increments) occur more often simultaneously which sums up to a higher
risk.
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The results of this application clearly indicate the potential usefulness and flexi-
bility of the comparison results for the supermodular ordering to an improvement of
the standard risk bounds.
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