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Abstract We study the existence and uniqueness of a solution to path-dependent
backward stochastic Volterra integral equations (BSVIEs) with jumps, where path-
dependence means the dependence of the free term and generator of a path of a
cadlag process. Furthermore, we prove path-differentiability of such a solution and
establish the duality principle between a linear path-dependent forward stochastic
Volterra integral equation (FSVIE) with jumps and a linear path-dependent BSVIE
with jumps. As a result of the duality principle we get a comparison theorem and
derive a class of dynamic coherent risk measures based on path-dependent BSVIEs
with jumps.

Keywords Path-dependent backward stochastic Volterra integral equation - Jump
diffusion - Path-differentiability - Duality principle - Comparison theorem -
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1 Introduction

Since Pardoux and Peng provided in Pardoux and Peng (1990) the existence and
uniqueness to a non-linear backward stochastic differential equation (BSDE) with
Lipschitz continuous generator and measurable terminal condition, this type of equa-
tion has attracted enormous attention in probability theory and its applications.
Their research has been extended in terms of BSDEs with Poisson jumps by Tang
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and Li (1994) and Barles et al. (1997) and for BSDEs driven by random mea-
sures by Becherer (2006). Moreover, path-dependent BSDEs with jumps, where
the generator and the terminal condition both depend on a path of a cadlag pro-
cess, were studied by Wang (2015) and Kromer et al. (2017). BSDEs are important
because of their connections to financial mathematics as studied in El Karoui et al.
(1997), Rong (1997), Carmona (2008), Delong (2013), Crépey (2013), and many
others.

Furthermore, BSDEs are special cases of backward stochastic Volterra integral
equations (BSVIEs). Stochastic Volterra integral equations were first investigated by
Berger and Mizel (1980) and extended by Protter (1985) and Pardoux and Protter
(1990). Lin (2002) studied these equations in an L>-framework under global Lip-
schitz conditions on the coefficients the existence and uniqueness of a solution to
backward stochastic nonlinear Volterra integral equations of the form

T T
Y(t):é—i—/ [, s, Y(s), Z(,s)ds+| g, s, Y(s)+Z(t,s)ldW(s),t €[0,T].
t t

This result was extended by Aman and N’Zi (2005) by weakening the global
Lipschitz condition to a local one. Wang and Zhang (2007) proved existence and
uniqueness of a solution to BSVIEs with jumps and non-Lipschitz coefficients. More-
over, they studied the regularity of this solution. A preliminary theory for BSVIEs
was established by Yong (2006) considering a BSVIE of the form

T T
Y(@) =f(t)—/ h(t,s,Y(s), Z(t,s), Z(s, 1)) ds—/ Z(t,s)dW(s), te][0,T].
t t

These results were extended by Anh and Yong (2006) and Yong (2008), where
they considered the notion of adapted M-solutions and established the well-posedness
of adapted M-solutions to BSVIEs. Furthermore, Yong (2006) and Wang and Yong
(2015) introduced the duality principle between linear forward stochastic Volterra
integral equations (FSVIEs) and linear BSVIEs to prove the comparison theorem.
Their study was motivated firstly by the use of BSVIEs in the context of dynamic
risk measures, as proposed by Yong (2007), and secondly by the connection between
BSVIEs and stochastic differential utilities as introduced and studied in Duffie and
Epstein (1992) and Lazrak and Quenez (2003).

Further, Ren (2010) studied the existence and uniqueness of a solution to BSVIEs
driven by a cylindrical Brownian motion on a separable Hilbert space and a Pois-
son random measure with a non-Lipschitz coefficient. Moreover, he proved a duality
principle between linear FSVIEs with jumps and linear BSVIEs with jumps.

The aim of this work is to study path-dependent BSVIEs with jumps, where the
path-dependence means the dependence of the free term and the generator on a path
of a cadlag process. These types of path-dependent stochastic equations came into the
focus of stochastic analysis, particularly since the development of a path-dependent
1t6 formula as in Dupire (2009), Cont and Fournié (2010), and Levental et al. (2013).
It was first considered for backward equations by Peng and Wang in Peng and
Wang (2016) and developed in Wang (2015). They also showed differentiability of
path-dependent BSDEs in the Dupire sense and applied it to path-dependent partial
differential equations. We extend their differentiability result to the BSVIE case. The
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Differentiability of BSDEs and BSVIEs was considered in a different context, e.g.,
Ankirchner et al. (2007) and Kromer and Overbeck (2014); Kromer and Overbeck
(2017); Kromer et al. (2017). One application of BSVIE:s is the risk measures associ-
ated with them. Path-dependency can then be incorporated to exhibit the dependency
of the risk measures and the underlying portfolio from a driving exogenous factor
process or asset price process X. Differentiability can then be used to measure the
sensitivity of the risk with respect to this driving factor process. In Kromer and Over-
beck (2014); Kromer and Overbeck (2017) a different kind of differentiability was
used for the purpose of capital allocation for risk measures.

We derive an existence and uniqueness result for adapted M-solutions to path-
dependent BSVIEs with jumps. Furthermore, we prove path-differentiability of this
solution, where we use the functional Itd formula introduced by Dupire (2009) and
extended by Cont and Fournié (2010) and Levental et al. (2013). Moreover, we estab-
lish a duality principle between linear path-dependent FSVIEs with jumps and linear
path-dependent BSVIEs with jumps. The main challenge of our work is to han-
dle the dependence of the generator and terminal condition of the path of a cadlag
process in the differentiability result, duality principle, and comparison theorem for
path-dependent BSVIEs with jumps.

This work is organized as follows. In Section 2, we present necessary notations,
spaces, and results to path-dependent BSDEs with jumps. Furthermore, we intro-
duce the considered path-dependent BSVIE with jumps. In Section 3, we provide the
existence and uniqueness result for path-dependent BSVIEs with jumps and give a
stability estimate to such a solution, extending the results of Peng and Wang (2016)
on path-dependent BSDE without jumps and Yong (2008). In Section 4, we study
the path-differentiability of solutions to path-dependent BSVIEs with jumps, as done
for BSDEs in Kromer et al. (2017). In Section 5, we will establish a duality princi-
ple between a linear path-dependent FSVIE with jumps and a linear path-dependent
BSVIE with jumps as well as a comparison theorem for adapted M-solutions to
BSVIEs, again generalizing the results in Wang and Yong (2015) by introducing path-
dependency and jumps. Finally, a class of dynamic coherent risk measures based on
path-dependent BSVIEs with jumps are derived in Section 6.

2 Preliminaries

Let t+ > 0Oand T > ¢ be fixed. Throughout this paper, we consider a prob-

ability space (2, F,P) with the filtration F = (]-';)Se[t 7y defined by F| =

o{Wr) —W),t <r <s;NU,A),I C (t,s),A C R 1p,B € N}, where
(W (s))sef0.7] is @ d-dimensional Brownian motion, N a random measure, and AV the
P-null set.

The space of all cadlag R?-valued functions on [0, T'] endowed with the supre-
mum metric is denoted by D ([0, 7], R?). For each y € D ([0, T, R¢) the value of
y ats € [0, T']is y(s) and we define the path of y stopped at ¢t € [0, T'], denoted by
Vi>as yr(u) = y ) ljo,n () + y (L, 71(w) = y(u A t) forall u € [0, T]. The path
shifted by & € R? in ¢ is denoted by y/*(u) = y (u A t) + hl, 11(u), for u € [0, T1.
Furthermore, for ¢, € [0, T] itis
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lv: = villp == v = Vil oy = lve = Vill + 1t =2l = sup |yi(s) — vz ()| + |t —1].
s€[0,7T]

For any y € D ([0, T],R?) and a fixed ¢ € [0, T], we are looking for a unique
solution (Yy,(-), Zy,(-,-), Uy, (-,-,-)) to the following path-dependent backward
stochastic Volterra integral equation (BSVIE) with jumps

T
Y}/] (s):¢(XV1,S)+/ f(s7r9 X}/[,r—’Yy,(r_)v Zyl(s’r)vz)/, (rs s)sU)/l(sJﬁ)sz/ (r,s))dr
N

T T
_/ zy,(s,r)dW(r)—/ /IUV,(s,r,z)N(dr,dz),
s K R
e))

where X, is a R<-valued adapted cadlag process on [f, T] with initial path y €
D ([O, T1, ]Rd). N(ds, dx) is an integer-valued random measure and N(ds, dz) =
N(ds,dz) — v(dz)ds is the compensated Poisson measure with a Lévy measure v.
For the definition of the spaces that we need for the later sections, we use the notation
of Delong (2013), Levental et al. (2013), Peng and Wang (2016) and Yong (2008).

o Jet M (]Rl ; R’”) be the space of all measurable functions from R! to R™,
e L2 (R';R™) denotes the space of all ¢ € M (R; R™) which satisfy

/ lo(x)[*1e(dx) < 0.
Rl
o Jet

L3, O(0.TLR)R") =(:2 x D ([O,T],Rd> —>R’"‘ ¥(-) is Fh-measurable
and E[|y ()|*] < oo}.

e Similarly, we define

T
LIZF(t,T)z{h :Qx[t,T] — R™| h(s) is F!-measurable, E [/ |h(s)|2dr}< oo}

t

and

L% (R.T)
T

= {1/1:[R, TIxQ— Rm| Y(s) is .Fg-measurable, E |:/ |1jf(u)|2du} <oo} .
R

e We denote by S?[t, T the space for the process Y with

Sz[t,T] = { Y:Qx[t, T]—R" | (Y (s))se[s, 77 1s a cadlag F-adapted process and

E| sup |Y(s)|2 <00;.
s€lt,T]
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e For the process Z, we introduce the space

M2, T] = [Z:Qx [r.T] — R™*4

(Z(s))sefr, 1) 1s predictable and

T
E [/ ||Z(s)||2ds] < oo},
t

where we denote ||z|| = /fr(zz*) for z € R"*4.
e The space for the process U is denoted by

L34, 7) = {U L Q X[, TIXR > R” | (U(s, 2))se(s.7.0cr! is predictable and

T
E |:/ / |U (s, z)Izv(dz)ds] < oo} .
t R!

e We define the space H?[t, T := S?[t, T] x M>[t, T] x L3(t, T) and equip it
with the norm

||(Y7 Za U)”HZ[T,T]

1

T T 2

= (E[ sup |Y(s)|2+/ ||Z(r)||2dr+/ / |U(r,z)|2v(dz)dr:|> )
s€lt,T] t t R!

®  We denote the space for the process Z(-, -) of a solution to a BSVIE by

L?*(S,T; M*[R, T]) ={z: QxI[S, TI1x[R, T]— R"*?| for almost all u €[S, T]

T pT
Z(u,")e M*[R, T],E[/ / ||Z(u,r)||2drdu] < oo}.
s JR
e For the process U (-, -, -) of BSVIEs, we define the space
L%(S, T; L(R. T))
= {U Q% [S,T]x[R, T] x Rl — Rm‘ for almost all u € [S, T

T pT
U,-, ") e L%,(R, 7),E |:/ / / |U (u, r, z)Izv(dz)dr du] < oo} .
s JrR JR!

e We define the space H2[r,T] = S*[t,T] x L*(t,T; M?*[t,T]) x L?
(t.T; L% (t, T)) equipped with the norm

1Y) ZC), UG, - Dliazp,m

= (E[ sup |Y(9)|* + / / 1Z (s, r)|2dr ds
selt,T]
T T 1
+/ / / |U(S,V,Z)|2v(dz)drds])
t t R!

Furthermore, we assume that the weak property of predictable representation (PR)
holds.
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(PR) Any square integrable F-martingale M has the unique representation

M(s):M(t)—i—/S Z(r)dW(r)—i—/s/ U(r,x)N(dr,dx), selt, Tl
t JR!

t

where (Z,U) € M?[t,T] x L%V(t, T). For more details, see Section III.4 in Jacod
and Shiryaev (2003) or Section XIIL.2 in He et al. (1992).

For the reader’s convenience, we introduce some necessary definitions and results.
From Levental et al. (2013), we use the following definition about path-derivatives.
These derivatives are consistent with the derivatives from Dupire (2009).

Definition 1 Let F : D ([O, T], Rd) — R™ and {e;}i=1.....a the canonical basis
of RY. For y € D ([0, T1,RY), we denote by D!F(y;[t,T1), i = 1,....d, the
derivative of F at y in the direction of the R?-valued process 1, 71€i, which means

F(y +hly e) — F(y)

D'F y;[t, T]) = lim
! ( [ ]) h—0 h
By

DYF(y + Il ryei; [t, T) — DJF (y; [1, T1)
h

DijF (y: 11, T1) = lim

we denote the second-order derivative in the direction 1|, 71e; and 1;; 11ej, fori, j =
1,...,d. Note that the derivative D! F(y;[t, T1) is in R™ and D'F(y;[t,T]) €
R™%4_ Furthermore, the second-order derivative Di2jF (y;[t, T)) is in R™ and
D2F(y; [t, T]) is a tensor. F is said to be of class ok (D ([0, T], Rd)) if the deriva-
tives Dl.1 F(y; [t, T)) exist and are continuous. The class Cc? (D ([0, T1, Rd)) can be
defined similarly.

In order to prove our main result on BSVIE in Section 3, we introduce an auxiliary
path-dependent BSDE similar to that in Wang and Yong (2015) where the simpler
case without jumps and no path-dependency is considered.

First, for a given path y € D ([0, T], RY) and ¢ € [0, T] we consider the following
path-dependent BSDE with jumps

T T
Y, (s) =P(X,y, 1)+ [ Xy 2, Yy, (r—), Z),(r), Uy, (r))dr—/ Zy,(r)dW(r)

T
_/ /]U%(r,z)i/(dr,dz), selt T
K R
2)

We assume that

(Al) de Lz}.,T (D ([0, T1,RY) ; R™),
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(A2) the generator f : Qx[t,T]x D ([(), T], ]Rd) x R x R"%4 5 M(R!; R™) —
R™ is F-progressively measurable and Lipschitz continuous in the sense that

|f(a),s, Y, y7Zsu) - f(a),s, J7v )_/,Z,I/_t)|
< K(s) <II7/ —vlp+ly=yl+lz-zl + A;{l lu(z) — ﬁ(Z)IV(dZ)> ,
ae. (w,s) € Q x [t, T forall (y,y,z,u),(y,y,z,u) € D ([O, T1, ]Rd) x R™ x

Rm*d 5 LZ(R!; R™) and with K := sup, 711K (5)]* < o0,

(A3) E [T 1ot v,)Pdr| < o0, where fo(r, ) i= £(r7,0,0,0).
The following results can be found in Wang (2015) and Kromer et al. (2017).
Since we do not need a comparison result for path-dependent BSDEs with jumps,

it is sufficient to assume that the generator is progressively measurable and not
predictable.

Theorem 1 Assume that (Al)—(A3) hold. For eachy € D ([O, T], Rd), tel0,T],
BSDE (2) admits a unique adapted solution (Y,,, Z,,, U,,) € H2([z, T with

T
Y, (s)=E |:d>(th,T) + / [ Xy, -, Y,0-), Z,(r), Uy, (r))dr

fé] 3)

and the following stability estimate holds

T
| 3 Up) gy = € (E (100X, P ] +E [ / | for, xy,,r)|2er :
t

o 4)

Let (f,®) also satisfy (Al)~(A3) and for any 7 € D ([0,T],RY) let

(I?];t, Z,;,, U%) € Hz[t, T be the unique adapted solution to BSDE (2) with respect
to (f, <i>). Then,

|5 Zes U) = (B Z5s U5 ) g 1y = CE [190CX,,.1) = B(X5, 1)1

T
+/ |f(r’XVnr—’Y}’z(r_)’ZVt(r)’UVt(r)) _f(r’thr—’Y}’t (r_)’Z}’t (r)’UVt (r))|2dr:|
t
%)

3 Well-posedness of path-dependent BSVIEs with jumps

In this section, we look for a unique adapted solution to the path-dependent BSVIE
(1). The notation in this section will follow the notation in Yong (2008) and Wang
and Yong (2015).

Fort < R < § < T we denote

A[R,S]1={(r,s) €[R,SPIR <s <r < S},
A°[R, S]1={(r,s) € [R,SPIR <r <s < S}.

) Springer Open



Page 8 of 37 L. Overbeck, J. A. L. Roder

In contrast to path-dependent BSDEs with jumps, the generator of a
BSVIE depends on both Z(s,r), U(s,r) and Z(r,s), U(r,s). If the processes
Yy, (), Zy, (-, ), Uy, (-, -, -)) satisfy a path-dependent BSVIE with jumps in the usual
It6 sense, the processes Z,, and U,, of the solution are only unique determined on
A€[t, T], as shown in Example 1.1. in Yong (2008). There a more restrictive notion
of solution is also introduced which we modify for our purpose.

Definition 2 Ler t € [0,T], S € [t,T) and y € D ([0,T],RY).
Yy, (), Zy, -, ), Uy, (-, -, ) € HZ[S, T1] is called an adapted M-solution to BSVIE
(1) on [S,T] if (1) holds in the usual It6 sense for almost all s € [S,T] and, in
addition, the following holds

Y)/t (u)

u u
=E[Yy,(u)’ F§]+f Zy,(u, r)dW(r)+f / Uy(u,r, z)N(dr, dz),a.e.ue[S,T]
S s JR!
(6)
Remark 1 If(Y},[(-), Zy, (-, ), Uy, G v, ~)) € H2[S,T]is an adapted M-solution

to BSVIE(I) on[S,T], itisalso an adapted_M-solution on[S, T] for any Se (S, 7).
Forany S € (S, T) and almost all u € [S, T), with Eq. (6) is

5 5
E[Yy, )] f_g]:u«:[yy, )] fg]+/s Z,,(u, r)dW(r)—I—/S /Rl Uy, (u, r. )N (dr, dz).

This yields for almost all u € [S, T
5 5 )

Y, @) =E [ ¥, )] Ft] —/ Zy,(u,r)dW(r)—/ f Uy, (u. r, 2)N(dr, dz)
S s JR!

+/ Zy,(u,r)dW(r)—i—/ / Uy, (u, r, )N (dr, dz)
S s JR!
=E[Y,,,(u)|]-"§]+/_ ZV,(u,r)dW(r)+/_ / Uy, (u, r, 2)N(dr, dz).

S S JR!

As in Yong (2008), we prove existence and uniqueness of a solution to the path-
dependent BSVIE with jumps (1) where the generator is independent of Yy, (u),
Zy,(u,s) and Uy, (u,s, z) for (s,u,z) € Alt,T] x R!. For the proof we use an
auxiliary stochastic integral equation of the form

T T
Ay, (8,7) =d>(ths)+/ h(s,u,th,u_, Wy, (8,1, @y, (s,u))du —/ Moy, (s,u)d W (1)
r r

T
_/ /1 ©y, (s, u, 2)N(du,dz), rel[R,T],se[S, T],
r R
(7
where R, S € [t,T) are given, the process A, (s, ) is F-adapted, and wu,, (s, -),
@y, (s, -, -) are predictable for all s € [S, T']. For any s € [S, T] this stochastic inte-
gral equation (6) is a path-dependent BSDE with jumps on [R, T']. Similar to Yong
(2008), we assume
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(Bl) @ e L7, (D([0, T],RY); R™).
(B2) '
h:Qx[S, T]x[R,T]x D(0, T],RY) x R™4 x MR/, R") — R™

is F1. @B ([S, T1x [R, T1 x D([0, T], R?) x R™*4 x M(R!; R™))-measurable
such that r +— h (s, r, y, z, u) is F-progressive measurable for all (s, y, z,u) €
[S,T1x D ([0, T], RY) x R"*4 x L2 (R’, R™). Furthermore, the generator A is
Lipschitz continuous in the sense that

|h(a),s,r, y:zau)_h(wvs’r’ )7’2’ ﬁ)'
< K(s,r) <||V —Vlp +llz =zl + /R[ lue(x) — u(x)] v(dX)),

ae. (w,s,r) € Qx[S,T]x [R, T]forall (y,z,u) € D(0, T], RY) x R"*4 x
L,Z) (Rl, R’"). K :[S,T] x[R,T] — [0, 00) is a deterministic function such that
fore > 0,

T
sup / |K (s, r)|*edr < oo.
se[S, T]JR

(B3) E[fST fRT lho(s, u, Yu_)|*du ds] < oo, where ho(s,u,y) = h(s,u,
y,0,0).
In the special case for R = S with given § € [t, T'), we define

Y, (s) = Ay (s,8), se[S,T],
Zy, (s,u) =y, (s,u), (s,u) € A°[S, T],
Uy, (s,u,2) = @y, (s,u,2), (s,u) € A°[S, T], z € R
Similar to Yong (2008), we get for this special case of the auxiliary stochastic

integral Eq. (7) the following result.

Corollary 1 Let (B1)—(B3) hold. For any y € D ([0, T], Rd) andt € [0,T] a
path-dependent BSVIE with jumps of the form

T T
Yyr(s)zcl)(Xy[,s)+f h(s,u,Xy[,u_, Zy, (s, u), Uy[(s,u)) du—/ Zy, (s, u)dW (u)
s s

T
—/ ny,(s,u,zw(du,dz), s €[S, T,
K R!

(3
admits a unique adapted M-solution (Y, (), Z,(-,-), Uy, (-,-,*)) € ’HZ[S, T] and
the following estimates hold

1Yy, ), Zy, ) Uy oo D sy

T T T 9)
<C (E U |q>(xy,,s_)|2ds} —HE[/ / lho(s, u, Xy, u—)|*du ds])
S S S

) Springer Open
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and for T — S small

1Yy 0y Zy ) Uy G Nl 1y

T T T 2
<C (]E U |q>(xy,,s)|2ds} +E [f (/ lho(s, u, Xy,‘,,)ldu) dsi|) .
S S S

(10)

Let h and ® also satisfy assumptions (BI)~(B3) and for a given path y €

D([0, T], ]Rd) let (Y, (1), Zy, (-, ), Uy, (-, -, -)) be the unique adapted M-solution to

BSVIE (8) with generator h and terminal condition ®. For T — S small enough, we
get the estimate

T
E[ sup |y, (s) — Y7,(s)|* + / I1Zy, (s, 1) — Z3,(s, )| Pdr
se[S,T] S

T
+/ fl \Uy, (s, 1, 2) = Uy (s, 1, Z)IZV(dZ)dr}
s JR

_ T
= Cc (E I:lcb(X)/t,S) - (D(X};I,S)|2i| + E |:</; |/’l(S, u, X}’t,u—7 Z}’r (Sv M), U}’z (Sv u))

RS, 11, X5 Zy, (5, 1), Uy, (5, u))|du)2]> . aeselS, Tl
(11)
Now, we show existence and uniqueness of a solution to a path-dependent
BSVIE with jumps where the generator depends on processes Y, (s), Z, (u, s) and
Uy, (u,s,z)for (s,u) € Alt, T] x R!. The following assumptions are needed.
2 dy.
H1) &€ L}.,T (D ([O, TR ),R’").
(H2) The generator f : Q x A°[t, T] x D ([0, T], RY) x R™ x R™*d x Rmxd x
MR R™) x MERER™) — R™ is L ® B(A[t, T1 x D ([0, T1, R?) x
R” x R™*4 x R™*4 x M(R!; R™) x M(R!; R™))-measurable such that r >

f(s,ry,y,2, ¢, u,§) is F-progressive measurable. Furthermore, generator f is
Lipschitz continuous in the sense that

|f(a)7s’r’y’y’z’é-7u’$)_f(w’s’r7)7’)_)’z’g’ﬁ7§)|
<K(s,r) (IIV —vlp + 1y —yl+lz—zll+II¢ — 5||+/Rl lu(x) — u(x)| v(dx)
+f |s<x>—§(x>|v(dx)),
]Rl
ae. (w,s,r) € Q x A°[t,T] for all (y,y,z, C,u,é),()?,)‘),f,g:,ﬁ,é) €
D ([O, T1, Rd) x RM x Rmxd 5 Rmxd L12, (Rl; R’") X L,z) (Rl; R’”). Moreover,

K : A°[t, T] — [0, 00) is a deterministic function such that for ¢ > 0,

T
sup/ IK (s, r)|*edr < oo.
se(t, T /s
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(H3) E [ftT ftT | fols, 7, yr)|?dr ds] < oo, where fo(s,r, vr—) = f(s,7, yr,
0.0,0.0.0).

Theorem 2 Let (H1)—(H3) hold. Then, for any given path y € D([0, T], Rd), t e
[0, T], BSVIE (1) admits a unique adapted M-solution (Y, (), Z,,(-, ), Uy, (-, -, -)) €
H2[t, T]. Moreover, the following estimate holds for all S € [t, T']

1Y% O Zy, G5, U G D g

T T pT (12)
<C (IE U |q>(xy,,x)|2ds} +E U / | fols, 7, Xy, r)Pdr dsD .
S S S

Proof We use the techniques of Yong (2008) and split this proof into four steps.

First step: We show the existence and uniqueness of the adapted M-solution to
BSVIE (1) on [S, T] for some S € [¢, T) and given y € D([0, T], Rd), t €[0,T].
For any S € [¢, T) we define the space

MRS, T1 = { (00,2, ), ) € HAS, T v() = B [3(6)] F]

+/‘ z(s,r)dW(r)—i—/A/ u(s, r,2)N@dr,dz), s € [S, T]}.
S s JR!

For (y(-), (-, ), u(-, -, -)) € M2[S, T] we get

T T T T
E|: sup |}’(S)|2+/ / ||Z(Syr)||2drds+/ / / lu(s, r, z)lzv(dz)drds:|
se[S,T] S Js S Js R/

§IE|: sup |y(s)| +/ / Iz (s, r)||2drds—|-/ / f lu(s, r, z)| v(dz)drdsj|

s€[S,T]

E[/ / ||z(s,r)||2drds+/ // lu(s, r, z)lzv(dz)drdsj|
SCE[ sup |y(s)] +/ f llz(s, r)||2drds+/ / flu(srz)lzv(dz)drds].

se[S,T]

Thus,

[[CIOTEICRS NTICRNE)] oo

=E|: sup |y(s)| +/ / Iz (s, r)||2dr ds+/ f / lu(s, r, z)| v(dz)drds:|
s€[S,T]
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is an equivalent norm for M[S, T']. Now, we consider the following path-dependent
BSVIE with jumps

T
Y)/,(S) ZQ(XV,,S)_‘_f f(svrv Xy,,rf, }’y,(r—), Z)/;(Sar)az)/[ (rvs)’U)/t (s7r)7 u]/[ (r’s)) dr
N

T T
—/ Zy,(s,r)dW(r) —/ / Uy, (s,r,2)N(dr,dz), s€l[S,T],
Rl
s s (13)
where (yy, (), 2y, (-, ), uy, (.-, 7)) € M?2[S, T] are given. Corollary 1 yields that

this BSVIE admits a unique adapted M-solution (Y),,(-), Zy, (-, ), Uy, Gy -)) €
”H,Z[S , T']. With Eq. (10) the following estimate holds for 7 — S small

T
E|: sup |Yy,(s)| +/ ||Zy,(s,r)||2dr+/ /llUyt(s,r,z)lzv(dz)dr:|
K K R

se[S, T

T 2
<C <E [|@(Xyl,s)|2] + 2 |:</ | foCs, 7, Xy,,r)|dr> j|
S
’ 2
+2E |:</; K(s,r) (|)’y[("—)| + llzy, (r, )1l + '/Rl luy, (r, s, Z)|V(dz)) dr) :|> ’

ae.sel[S, T]

Holder’s inequality yields

T
E|: sup |Y,,(s)|? +/ IIZy,(s,r)||2dr+/ fllUyt(s,r,z)lzv(dz)dr:|
K K R

se[S,T]

T 2 T %
<20 E[ 10X, ) |+E [( / | fots. 7. Xy,,r_)w) }HE ( / |K<s,r>|2+€dr>
N N

T T
-(T—S)M< sup |y, () + ||zy,<r,s>||2dr+/ / |uy,(r,s,z)|2v(dz)dr)]).
se[S,T] S s JR!
(14

Itis

E[ sup |yy, (s)] +f / 2y, ()l drds-l-f / [ luy, (r, 5, 2)|*v(dz)dr dS}

s€[S,T]

S]E|: sup Iyy,(S)|2+/ / ||ny(r,s)||2dsdr+///Wyt(”’mz"(dz)df ]
se[S,T] s JS s Js JR!

<CE[ sup [y, ()2 + / / 2y, (r. ) Ids dr
se[S,T]

/ / / |y, (1, s, 2)| v(dz)dsdr]

) Springer Open
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and this implies
1Yy (). Zy, G2 Uy G Dl
T T T
<c {E [ / |<1><Xy,,s>|2ds} +E [ | [ 16 x,Par ds]
S N S
10y (s 23 €y, G Dl -

Therefore, (Yy,(-), Zy,(-,-), Uy, (-, -, ) is in M?[S, T]. Now, we define a map
e : M?[S, T] — M?[S, T] by

ehr (yy,(~), 2y, (3 )yt Gy oy .)) — (Yyt (s Zy, (), Uy, G v, .))

for all (y,, (). 2y, (s ), g, (-, -, 0)) € M?[S, T]. Furthermore, let O (3,0,

Zy, (” ')7 ﬁy, ('s '1 )) = (Y]/t ()7 Z)/t (’7 ')7 U)/t ('3 y )) for ()_’y, ()7 Z}’t ('7 ')3 lz)/t ('7 y )) €
MZ2[S, T]. Corollary 1 yields for T — § small

T
JE[ sup [¥,,(s) — Ty, (5)I7 + / 1Z,, (5. 7) = Z,, (s, 1) Pdr
s€[S,T] K

T
+/ /1 \Uy, (s, 7,2) — Uy, (s, 1, z)|2v(dz)dr]
s R

T
=<CE [(/s K(s,7) (lyy, (r=) = Jy, =) + 2, (ry 8) = 20, (r, 9|

2
+ /1 ly, (r,s,2) — iy, (1, s, z)|v(dz)> dr) :|
R

ae.s e[S, T].

Similar to Eq. (15), we get with Holder’s inequality and ¢ > O for s € [S, T']

1O (3 (s 2 (o )ty (D) = O (3, (. Zy ) By ) gy

T T
SC(T—SWE[(T—S) sup |yy,<s)—yy,<s>|2+/ / 12, (s )= 2, (8 | 2drdis
se[S,T] S S

T T
+f / / liy, (1, 5, 2) — iy, (1, 5, 2)|*v(dz)dr ds]
S S R!

T pT
sC(T—S)mE[(T—S) sup |yy,(s>—yy,<s>|2+f / lzy, (r, $) = Zy(r,8) | 2 ds dr
s€[S,T] S Jr

T T
+f / / |uyl(r,s,z)—ﬁy,(r,s,z)|2v(dz)dsdri|
S r R/

= C(T - S)ﬁ ” ()’y,(‘)s Zy,(" ')’ u)/t('7 ) )) - ()_iy,(')v ZVt ('s ')1 ’Z}/t ('s '7 )) ”1%412[5’]*]'
(16)
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For T — S > 0 small enough, the map ®"7 : MZ[S, T] — MZ[S, T]is a contraction
mapping and it admits a unique fixed point (YV,(-), Zy, (), Uy, (., -, ~)) € MZ[S, T]
which is the unique adapted M-solution of BSVIE (1) over [S, T']. Moreover, Eq. (14)
yields the following estimate

E[ sup |, (s)| +/ / 1Zy, (s, )| ?dr ds+/ / / Uy (s.7,2)| v(dz)drds:|
se[S,T]
§C<E [/ |¢(Xy,,s_)|2ds}+1E[/ f | fols, r, Xy,,r_)|2drdsD.
S S S
(I7)

Second step: Let R € [z, S). Now, we want to determine (Z,, (s, r), Uy, (s, 7, 2))
for (s,r) € [S,T] x [R,S] and z € R’ Since Y, € S2[S, T, the process
M(r) = E[Y,,(s)|F!], s € [S,T], is a square integrable martingale and the
martingale representation (PR) yields

S S
E[Yy,(s)yfg]zE[Yy,(s)]f;]+f Zy,(s,r)dW(r)—l—f /, Uy, (s, r, 2)N(dr,dz).
R R JR

Furthermore, we obtain with the Burkholder—Davis—Gundy and Doob’s inequality

S S
E [/ 1Zy, (s, )1 2dr +/ / U, (s, . z)lzv(dz)dr] < 4CE [|Y),, (s)|2] .
R R JR!

It follows with Eq. (17)

T S T pS
E|: sup |Y,,t(s)} +/ f||zy,(s,r)||2drds+/ / / |Uy,(s,r,z)|2v(dz)drd{|
se[S, T R S R JR!
T T
5C<EU |<I>(th,s_)|2ds}+]E|:/ / |f0(s,r,x%,,_)|2drdsD.
S S S
(18)

Combining this result and the result of the first step, we get the existence and
uniqueness of the adapted M-solution (Yy, (), Z,, (-, ), Uy, (-, -, -)) to BSVIE (1) on
[S, T] x [R, T]. Estimates (17) and (18) provide the following estimate

T T T T
E[ sup |Yy,(s)|+/ / ||zy,(s,r)||2drds+f / /|Uy,(s,r,z)|2v(dz)drds:|
se[S,T] R S R JR!
T T
5C<EU |c1>(xy,,s)|2ds}+]E[/ / |f0(s,r,xy,,r)|2drdsD.
S S N

Third step: Now, we consider a stochastic integral equation of the form
T
Y (r) = (X, ) + / F3(r s, Xy, 56—, Zy, (r, 8), Uy, (1, 8)) ds
S

T T
—/ Zy,(r,s)dW (s) —f / Uy, (s, z)N(ds, dz), r e|[R,S],
s s JR (19)
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where we define f5 : [R, S]x[S, T1x D([0, T], RY) x R"*4 x M(R!, R™) — R™
by

fS (r, S, Xy, 5—1 2, u) =f (r, 8, Xy, 5— Yy, (5—), 2, Zy, (s, 1), u, Uy, (s, r)) .

Similar techniques to those in Yong (2008) can be used to prove an existence and
uniqueness result to solutions

(wg(.), 2,0, Uyt(.,.,.)) €Ly, (R, XL (R, $; M?IS, T)xL? (R, s: L%V(S,T))

of the stochastic integral equation (19). Thus, Z,,(r, s) and U,, (r, s, x) are unique
determined for (r,s) € [R,S] x [S,T], x € R For T — S small the following
estimate holds

T T
E[|¢g(r)|2+/s 1Z,, (r, s)||2ds+/s /Rl |Uy,(r,s,z)|2v(dz)ds]

- 2
<C (E [|©(XV1,F)|2] +E |:(/ |fos(”a s, Xy:,s)|ds) :|>
N
T 2
<C (E [|<D(Xy,,r)|2] +E |:(/S | fo(r, s, Xy,,s—)|ds> i|

T
+(T — §)7e KE|: sup |Yy,(s)|2+/ 1Z,, (s, r)|ds
se[S,T] S

T
+f /|Uy,(s,r,z)|2v(dz)ds]>
s Jr
T 2
<cC (IE [l0X,, 0P| +E [(/S | fo(r, s. X},t’s)|ds> }

T T
+E[ sup [¥y, ()7 + / 1Z,, (s, )| %ds + / f Uy G, z)|2v(dz)dsD,
S S R

se[S,T]
ae.r €[R,S].

Together with estimate (18), this yields

S S T S T
E[/ |1p5t(r—)|2dr+// ||Zyt(r,s)||2dsdr+/ / f|Uy,(r,s,z)|2u(dz)dsdr]
R R JS RJS JR!

T T T
<C (E [/ |<I>(th,,_)|2dri| +E [/ f | for, s, Xy, s—)%ds dr])
S s Js 20)

and for (r, s) € [R, S] x [§, T], the processes Z,, (r, s) and Uy, (r, s, x) are uniquely
determined.

Fourth step: In the last step, we prove that the path-dependent BSVIE (1) admits
a unique adapted M-solution on [R, S]. For r € [R, S] we observe a path-dependent
BSVIE with jumps of the form

) Springer Open
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s
Y)/t(”)=1/f)§,(r)+/ F (78, Xy s Yy (5=), 2y, (1,5), Zy, (5,7), Uy, (r,8), Uy, (s,7))dss

S S
—/ Z,,(r, s)dW(s)—/ /lUy,(r,s,z)N(ds,dz), r € [R, S],
r r R

(2D
where wS ) € L2 (R S). Similarly to the first step, we can show that for

S — R small enough BSVIE (21) admits a unique adapted M-solution (Y, (-), Z,,
¢, ), Uy Cy -, ) € H2[R, S]and it is

|:sup |Yy,(r)|+/ f I1Zy, (r, s)||2dsdr+/ / / |U,, (1,5, 2)| v(dz)dsdr:|
€lR,S]
§C<EU |<1><xy,,r_>|2dr]+1a[/ / |fo<r,s,xy,,s_>|2dser.

R R R

Insert Eq. (19) to get for r € [R, S]

(22)

S
Y)/z(r) =1ﬁ,§,(")+ f(r,S,th&,, YV[(S_)’ZVr(rvs)v Z}/t(s’r)vUV[(ra S)vU}/t(Sﬂr)) dS
r
s s ~
—/ Zy,(r, s)dW(s)—/ / Uy, (r,s,2)N(ds,dz)
r r R!
T
:CI)(X%J)—‘[—/ f(r»svxy,,s—s Y)/t(S_)vz)/,(rvs)vzy,(&r)vU)/t(r’ S)aU)/t(Sar))ds
r

T T
_/ Z,, (. $)dW (s) —/ /1 Uy, (r, 5. 2)N (ds, dz).
r r R

Altogether, we determined the unique adapted M-solution to BSVIE (1) on [R, T]
and the following estimate holds

T T T T
E| sup |YV,(r)|2+/ / ||zy,(r,s)||2dsdr+/ / /|Uy,(r,s,z)|2v(dz)dsdr
re[R,T] R JR R JR JR!
T T T 5
<CE [/ |q>(xy,,s_)|ds+/ / | fo (r. 5. Xy,5-)] dsdr].
R R R

If we consider small segments of the rectangle [, T1? of the form [Ry, T)?, k =
0,....,n,neN, Ry =S, Ry = R and R, = t, we get the existence and uniqueness
of an adapted M-solution to BSVIE (1) over all rectangles [Ry, T1%. We use the
same steps as before to show that BSVIE (1) has a unique adapted M-solution over
[Ry, T] since we know that BSVIE (1) admits a unique adapted M-solution over
[Rr_1, T]. O

The following result of the stability estimate will be useful for the next section.

We consider a path-dependent BSVIE with jumps where the last components of the
generator f enter as integrals with respect to Lévy measure v

) Springer Open
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YVt (S)

T
= q)(XV[,S) + / f (S7 r, X}/[,r—v Y)/;(r_)a Z)/;(Sv r)a Z]/t(r’ S)v
(23)
/z Uy, (s,1,2)8(s, 1, 2)v(dz), /]R’ Uy, (r,s,2)8(r, s, z)v(dz)) dr
R

T T
—/ Zy, (s, r)dW(r) —/ / Uy, (s,r,2)N(dr,dz), s e[t T],
s s R/
where we assume

(H'l) & e L%, (D(0,T],RY); R™).
T
(H2)
f:Qx A°[t, T] x D([0, T], RY) x R™ x R™*4 x R™*4 x R™ x R" — R™

is FL ® B(A[, T1x D0, T],RY) x R™ x R4 5 RM*d 5 RM x R™M)-
measurable such that

re— f(@,rny,y,z,¢ut)

is [F-progressive measurable. Furthermore, generator f is Lipschitz continuous in the
sense that

|f(a)’s’r’y7y7z7é-7u’$)_f(a)’s7r’)77)_)7z7g’ﬁ7§)|

<K@y =vlp+ly—=73l+lz=zI+llg =<l

+u(x) — i) + |E@x) — EW)|),

ae. (w,s,r) € Q x A, T] for all (y,y,z,¢,u,8), (¥, y,2 ﬁ,é) €
o)

7.9.%. L,
D([0, T],R?) x R™ x RMm*d x Rm*d y RM 5 R™ K : A¢ — [0, is a
deterministic function such that for ¢ > 0,

T
sup/ IK (s, r)|*edr < oo.
1Js

selt,T

@3 E[[7 7 1folsr v Pdr ds| < oo, where fols.r,veo) = 557,
0,0,0,0,0).
(H'4) 8:Qx[r, T]> x Rl — R™ is measurable such that for any (s, r) € [z, T]?

/ 18(s, r, 2)|?v(dz) < 0o.
Rl

Corollary 2 Let assumptions (H'I)«(H4) hold and (Y, (-),Zy, (-, "),
Uy, (.- )) € H2[t, T and (Yy,(-), Zy, (-, ), Uy, (-, -, ) € H[t, T] be the unique
adapted M-solutions to BSVIE (23) with respect to (f, ®) and (f, ), respectively.
Then, for any y € D([0, T1, RY), the following stability estimate holds

) Springer Open
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1Yy () Zy, (), Uy, Coi)) = (Yy,()Zyt( Uy (.,

<CEU 1D (X,, s )—D(X,, ) Pds+

))”3_[2[5’7"]

S7 r, Xy,,rf, Yy[ (r_)’ Zy[(svr)v
Zy,,(r, S)’/l U, (s,r,2)8(s,r, Z)V(dZ)’/z Uy,(r,s,z)ﬁ(r,s,z)V(dz))
R R

- f (s, r Xy r— Yy, (r=),2,,(s,r), Z,,(r,s), /Rl Uy, (s,1,2)8(s, 1, 2)v(dz),

2
dr ds] .
(24)

Proof This proof follows the techniques in Yong (2008). We define for (s, r) € A€
and z € R!

D(Xy,5) = P(Xy5) — P(Xz5). Yy (5) = ¥y (5) — Yy, (),
Z}/t(svr) = Z)/t(sa r) - Z}?;(Sv r)a U}/t(svrv Z) = ij(s7r7 Z) - Uft(svr’ Z)v
and

/ Uy, (r,s,2)8(r,s, z)v(dZ)>
R!

f (s, 7, X,,[,,_)

=f (s, Xy = Yy, r=), Zy,(s,7), Zy, (1, 5),
f[ Uy, (s, r,2)8(s, r, 2)v(dz), /1 Uy,(r,s,Z)3(r,S,Z)V(dZ))
R R
- f_ <S, r, Xyl,rfv Yy,(r_)’ ZVI(S, r)s Z)/l (I", S)v

/1 Uy, (s,r,2)8(s, 1, 2)v(dz), /z Uy, (r,s,2)8(r, s, z)v(dz)) ,
R R

fZi (S’ r, X)/,,r—)

= (f <s, 1 Xyres Yy, (r=), Zy, (5, 7), Zy, (1, 5),

/l U)/; (S’ r, Z)s(sv r, Z)U(dz), /l U}/t (ra s, 2)8(1", S, Z)U(dZ))
R R
7 (s, F Xy Ty (r=), ZL (5,1), Zy, (1, ),

f Uy, (s, r,2)8(s, 7, z)v(dz),/ Uy,(r,s,z)ﬁ(r,s,z)v(dz)))
R! R!

i 2 (5.r)T

|Z (s, r)lzll{zn(A n#0}’

where Z;j (s,r) = (2, Vs, r), ..., Z;’ (s,7), Z;',;H(s, )., Z)‘f’ (s,7), i =
d. fy(s,r, th,,_), SfeGs,r, Xy r )y fu(s,r, Xy, r—) and fe(s, 7, X)) are
defined quite similarly. B B B
Since (Yy,(-), Zy, (-, ), Uy, () (V3 (), Z, (-, ), Uy, (-, ) € HA[t, T are
unique adapted M-solutions to BSVIE (1) with respect to (f, ®) and (f, P),
respectively, we get
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Yy, ()
d

T
= cp(ths)Jr/ [f(s,r,xy,,,_)Jrfy(s,r, Xy Wyr=)+Y  for(sr. Xy, r ) ZE (s7)
N

i=1

d
Y i (sr Xy r ) ZE (o) + fu(s. 7, Xy o) -/Rl Uy, (s, 7, 2)8(s, 1, 2)v(d2)
i=1
+fe (5,7, Xyy o) - /l Uy, (r, s, 2)8(r, s, z)v(dz)] dr
R

T T
_/ ZV[(Sir)dW(r)_/ /ll}yt(s, r, Z)N(dr, dZ).
s K R

(25)
Theorem 2 yields that (Y),(-), Z, (), Uy(, -, -) is the unique adapted
M-solution to BSVIE (25) and the following estimate holds

1Py, () Zyy G Oy G D g

T T (T
<CE U |<1>(Xy,,s,)|2ds+/ /
t t t

which provides the stability estimate. O

N 2
f (s, r, X},l,r,)‘ dr dsi| ,

Corollary 3 Consider a BSVIE of the form
YVt (S)

T
= q)(Xy,,s) + / [m (Sa r, Xy,,r—a Yy, (r-), Zy, (s,r), Zy, (r,s),
N
/[ U)/;(S’ r,Z)8(S,r,Z)U(dZ), /IU)/[ (r’ s, Z)S(l", S, Z)U(dZ)>+A(S, r, Xy,,r—)] dr
R R

T T
—/ Zy,(s,r)dW(r) —/ / Uy, (s,r,2)N(dr, dz), s et T],
K R/
' * (26)
where § satisfies (H4). Furthermore, let
m:Qx A[t, T] x D([0, T],RY) x R™ x R™*4 x R"™4 x R™ x R™ — R™
be Fi ® B(A[t, T]x D(0, T],RY) x R™ x R4 5 RM*d 5 RM x R™)-
measurable such that
rems,ry,y,2,6,u,8)
is F-progressive measurable.
Moreover, let m be linear in (y, z, ¢, u, &) such that m(s,r,y,0,0,0,0,0) = 0
a.s. forall y € D([0, T], Rd), (s,r) € A°[t, T], and
Im(w,s,r,v,y,2,¢u,8)| < K@, r) (Iyl + llzll + 11 + [ul + 1§D,

a.e (w,s,r) € QxA°[t, T]forall (y,y,z,¢,u,&) € D(0,T], Rd)xR’” x RMm*d
Rmxd « R x R™. K : A[r, T] — [0, o0) is a deterministic function such that for
e>0
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T
sup / IK (s, r)|*edr < oo.
se[t,T]Js

A:QxA[t, T1x D ([0, T], RY) — R™ is FL @B (A°[t, T x D ([0, T1, RY))-
measurable such that r > A(s,r,y.—) is F-progressive measurable and

E [ftT IT1AG, 7, o) 2dr ds] < o0. Then, forall y € D ([0, T1, RY), BSVIE (26)

admits a unique adapted M-solution (Y, (), Z,,(-,-), Uy, (-, -, ")) € H2[t, T and the
following estimate holds

1Yy (). Zy ) Uy oo D g

T T pT 27
<C (IEI [/ |<I>(Xy,,s_)|2dsj| +E [/ / |A(s, 7, Xy, r—)|dr dsD )
t t t

If (Yyt ()’ Z)’t (" ')’ UV[(" ) ))’ (Y-v)/; ()1 Zy;('s ')7 Uy, ('7 ‘y )) [S Hz[t, T] a}:e {he
unique adapted M-solution to BSVIE (23) with respect to (m, A, ®) and (m, A, P),
respectively, the following stability estimate holds

”(Y]/[(')? Z)/,('r ')1 U}/](" ) )) - (?]/1 ()9 Z}/,('» ')1 U}/](" ) ))”%‘[Z[S,T]

T
<C <E |;/; |CD(XJ/1,s7) - q_D(th‘s)|2dS:| (28)

T T
+E U / |AGs, 7, Xy rm) — A(s, 1, Xy p—)|2dr ds:|>
N S

forany S € [t, T).

Proof This corollary is a consequence of the results in Theorem 2 and Corollary 2.
O

4 Path-differentiability of path-dependent BSVIEs with jumps

In this section, we consider path-dependent BSVIEs with jumps of the form (23). To
prove path-differentiability in the initial path of solutions to path-dependent BSVIEs,
we need the following assumptions.
D1l) & € sz, (D([0, T1, R%); R™) is continuous and for i = 1,...,d
T
D!®(y;[t, T € L%, (D([0, T], RY); R™) exist.
(D2) The generator

2
i

Q2 x A[t, T] x D([0, T], RY) x R™ x R™*? x R"™*4 x R™ x R™ — R™

is Fr ® B(A[,T]x D([0,T],RY) x R™ x R™*4 x R™*d x R™ x R™)-
measurable such that

re— f@,rny,y,z,¢ué)
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is [F-progressive measurable. Furthermore, (s,r) +— f(s,7,y,y,2, ¢, u, &) is
Lipschitz continuous in the sense that

|f(svr5‘y5y’z5§7u7§)_f(s5r7);55)5275’ﬁ7§)|

<K@y —-vIp+ly=y+lz=2zl+ 1= ¢l + lu—a|+ & — &),
ae. (w,s,r) € Q x A°t,T], for all (y,y,z,{,u,&),()7,&,2,5,12,5) IS
D([0, T], RY) x R™ x R"™*4 5 R"™*4 x R™ x R™,

Moreover, K : A[t, T] — [0, c0) is a deterministic function such that for
e>0

T
sup/ IK (s, r)|*edr < oo.
1/s

selt, T
®3) E[f] [T 1fots. r.yeo)Pdr] < o,
(D4) Forall y € D([0, T],RY), (s, r) € A°[t, T], the map
(-x7 yv Z»Csuvg) = f(svr» J7r +-X]l[[,T]1 y1 <, é‘vuy é)
is of class CH(RY x R™ x RM*d x Rm*d y R™ x R™; R™) and the first-order

partial derivatives with respect to (x, y, z, ¢, u, &) are uniformly bounded.
(D5) §: Q2 x[t, T]? x RE - R™ is measurable such that for any (s, r) € [¢, T1?

/ 18(s, r, 2)|*v(dz) < oo.
R!

(D6) Lety + U, (s, r,x) be differentiable for all (s,r,x) € [t,T]*> x R and
assume that

/Rl |D!U,, (s, 7, x; [t, TD|v(dx) < oo,

for each (s,r) € [t, T]*. Furthermore, assume that there exists a neigh-
borhood (—¢&,¢) and a process M, such that for each (s,r) € [z, T1?
Jri IMy, (s, 7, x)|v(dx) < oo and such that fori = 1,...,d

|U]/t+h]1[,,7‘]€i (Sv r, -x) - U]/t (s3 r, x)|
h

< M)i/t(s, r,x), he(-ge¢).
Theorem 3 Let (D1)—(D6) hold. Then, the function
D0, TLRY) — HAL. T, i+ (Y, (). Zy, () Uy, Gy )
is differentiable in the sense of Definition 1, where R™ is replaced by the space

Hz[t, T]. Fori = 1,...,d, s € [t,T], the derivative is the unique adapted
M-solution to a path-dependent BSVIE with jumps of the form
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D}Yy,(s: [t, T])

T
=D} ®(Xy, i [t T] + f D} f <s, 1 Xyrms Yy (r=), Zy, (5, 1), Zy, (1, 8),
S
/ Uy[(s,r,x)é(s,r,x)v(dx),/ Uy, (r,s,x)8(r, s, x)v(dx); [t, T]) dr
R/ R/
T
+/ [fy<s,r, Xy,,r-,Yy,(r—),Zy,(s,r),Zy,(r,S),/ Uy, (s, r,x)8(s, r, x)v(dx),
s R/

/ Uy, (r,s, x)é(r, s, x)V(dX)> -D!'Yy, (r; [t; T
Rl
d
+Y 1y (s,r, Xy Yy (r=), Zy (5.7), Zy, (1, 5). / Uy, (5.1, X)8(s, 7, x)v(dx),
j=1 R!
J_
/ Uy, (r,s,x)8(r, s, x)v(dx)> . D,-1 Z{}, (s, r;[£, T]
R!
d
+ Z fé'] <S’ r, Xy,,rfv Y]/[ (r_)’ Z)/,(S’ }"), Z}// (rv S), / U]/[ (S, r, X)(S(S, r, .X)V(d.x),
— R/
]_

/Rl Uy, (r, s, x)8(r, s, x)v(dx)) - D} ZJ (r,s; [t T)

+ /]Rl Ju (s, Xy r— Yy, (r=),2Zy,,(s,r), Z,,(r,s), /R’ Uy, (s, r,x)8(s, r, x)v(dx),
/Rl Uy, (r, s, x)8(r,s, x)v(dx)) . Dl-lUy, (s,r,x;[t, TD)v(dx)dr

+ A@l fe (s, Xy Yy, (r=), Zy,(s, 1), Zy,(r, 5), /1;1 Uy, (s, r,x)8(s, r, x)v(dx),
./R’ Uy, (r, s, x)8(r, s, x)v(dx)) . Dl-l U, s, x;[t, T])v(dx)] dr

T T
—/ D}z, (s, ri 11, T])dW(r)—/ /’DilUy,(s,r,x;[t, TN (dr, dx).
K s R
(29)

Proof To simplify the notation, we restrict ourselves to the one-dimensional case,
m = d =1 = 1. The extension to the multidimensional case is straightforward. We
define for (s, r) € [t, T]2 and x € R

Vhis) =1 (Yylh () — Y, (s)) L 2 = % (Zylh (5.7) = Zy (5. r)) ,
Z/lh(s,r,x)z %(Uyth (s,r,x)=Uy,(s,r, x)), AD" (Xy,,5) :% (@(thh’x)—QD(Xy,,s)).

With the definition of X,, ;, we get thh’x(ll) — Xy, sw) = hly ), u €
[0,T], selt, T
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Define for any (s,r) € [t,T1>, h € R\ {0}, the mapping /;”" : [0,1] —
D(0,T],R) x Rx R xR xR x Rby

1)
= (XW_ FOX 0, = Xyrn), Yy 1) + OhY" (r—), Zy, (s, 1) +0hZ" (s, 1),

Z,,(r,s) + 0hZ"(r, 5), / (Uy, (5,7, %) + OhU" (5, 7, )8 (s, r, x)v(dx),
R

/ Wy, @, s, x) + OhU" (r, s, x))8(r, s, x)v(dx))
R
= (Xpr— +0h, Y, =) + 00V =), Z,, (5, 1) + 0h 2" G5, ),

Z,,(r,s) + 0hZ" (1, 5), / (Uy, (5,7, %) + 0hU" (5, 7, x))8 (s, r, x)v(dx),
R

/ Wy, @, s,x)+ Ghuh(r, s, x))8(r, s, x)v(dx))) .
R

It follows for (s, r) € [t, T1?

lil;’r(é’)=<l,yh(r—),Zh(s,r),Zh(r, s),/uh(s,r, x)8(s, r, x)v(dx),
h 96 R

/ Uu(r, s, x)8(r, s, x)v(dx)>
R

and Corollary 3 provides that for & € R\ {0} (V" (-), Z"(-, -),U" (-, -, -)) is the unique
adapted M-solution to the linearized path-dependent BSVIE with jumps

V'(s)
T
= A(Dh(th’S)—i—/ [mZ’r(yh(V_)’ Zh(s, r), Zh(r, s),/RL[h(S,r,x)S(s, r, x)v(dx),

f Uuhr, s, x)8(r, s, x)v(dx)) + AL (s, r)] dr
R

T T
—/ Zh (s, rydw (r) —f / U (s, r,x)N(dr,dx), selt, T,
K K R
where m;" : R x R x R x R x R — R is a linear function defined by

my (v, 2, ¢, u, 1) = AR(s, 1)y + A} (s, 1)z + AL (s, 1) + Aj (s, r)u + AS (s, P,

for

1 1 )
Al(s,r) = /0 D' 0);[t, TDdO,  Aj(s,r) = /0 5f<l;§”(9>)d9,

1 8 S.r 1 8 S, r
A, ) = /0 1 ©)ao. Al(s.r) = /O S2 G ©)do,
5 ! d s,r 6 ! 0 s, r
A (s, r) = /0 L pa @)do, A8(s. 1) = fo S5 @)
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Additionally, we get with the inequality (28)

_ T _
E [ sup |V"(s) — yh(s)ﬂ} <C (E [ / A" (X, 5-) — Acbh(Xy,,s_)Fds}
13

se[t,T]
T T
+E |:/ / |A},(SJ’)—A}E(S,r)lzdrds]).
t Jr

We obtain for i, h € R \ {0} with (D1)

T _
lim E U A" (X, 5-) — Aq>”(xy,,s_)|2ds]

h—h t
1 2
)= 5 ®(X ds] =0.

7 P

T
< limE /
h—h t

(D4) provides

T T 2
lim_E|:/ / ‘A}l(s,r) —A;—l(s,r)‘ dr dsj|
h—h t t

T T 1
< lim E U / / ‘leu;;’(e); (1. T~ D' F (12" (0): [t,T])‘ZdG dr ds:| —0.
t t 0

s— yth,s—)

h—h

Thus, it follows

lim [ sup [V (s) — y"l(snz} = 0.

h—h selt,T]

With the same arguments, we get

T T _
limE[/ / 128 (s, r) — Z" (s, r)|Pdr ds] =0
t t

h—h

and

T T ,
lim E [/ / / |L{h(s, r,Xx) — Z/lh(s, r, x)|2v(dx)dr dsi| =0.
t t R

h—h

Finally, this provides
lim (", 2" U = " 2 UN ey, 4y = 0

Since S?[t, T1, L?(¢, T; M?[t, T]) and L>(t, T L%\,(t, T)) are Banach spaces, the
sequence Yhn (s) converges to a process DlY),, (s; [t, T]), the sequence Zhn (s,r)
converges to a process DIZ),, (s,r; [t, T]), and the process U (s, r, x) converges
to DlUy, (s,r,x; [t, T]) for a sequence (h,), € R\ {0} and with respect to the
corresponding norms.

This implies that (D'Y,,(;[t, T1), D'Z,, (-, [t, T]), D'U,, (-, -, 5 [t, T]) €
H?[t, T] is the adapted M-solution to the path-dependent BSVIE with jumps
(29). O
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5 Duality Principle and Comparison Theorem
In this section, we prove the duality principle for linear path-dependent BSVIEs with
jumps

d

T
Yy, (5) =®(Xy,5) + / AT (5,7, Xy, r )Yy, (r=) + > B] (s, Xy, s ) Z], (7, 5)
N j=1

+/[ CT(S’ X]/t,S—s Z)ny(r7 s, Z)V(dz)] dr
R

T T
_/ ZVI(S,r)dW(r)—/ flUy,(s,r, ONWr.dz).,  se[t. Tl
K s R

(30)
and linear path-dependent FSVIEs with jumps of the form

N d s
Xy, () =p(Xy, )+ / A(r.s, Xy, s ) Xy r=)dr+y / Bj(r. Xy, r) Xy (r=)dW; (1)
t . t
j=1

S
+/ /l C(rv Xy,,r—’ z)th(r—)N(dr, dz)’ NS [t7 T]’
t R

Xy, (8) =1 (s), s €[0,1),

(€29)
where it is necessary that m = d for the dimensions. First, we show that such a FSVIE
admits an adapted solution. We consider a more general path-dependent FSVIE with
jumps of the form

s d N
Xy, () =p(Xy,5) + / A(r,s, Xy, s )dr + E / Bj(r, Xy, r—)dW ;(r)
' : '
j=1

s _ ~ (32)
+/ / C(@r, Xy, r—,2)N(dr, dz), s €1, T],
t JR!

Xy, (s) =y (s), s €[0,0),
and assume the following.
(C1) Letg(-) € LZ(Q x D([0, T1, R?); RY) with

lo(y)> < K<1+ sup |y<u>|2)

uel0,T]

and

lo(ys) — 0(7)I* < K < sup |y (u) — 7 )> + s — §|2) :
uel0,T]

forany y, 7 € D([0, T],R?) and 5, 5 € [1, T].
(C2) The process A : @ x A°[t, T1x D([0, T, R?) — R? is Fi. ® B(A[t, T1x

D([0, T], Rd))—measurable such that r +— A(r, s, y) is progressively measurable
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on [t,s] forany s € [t,T], y € D([0, T], R9). Moreover, map A is Lipschitz
continuous in the sense that

Te(t,r]

|AGr,s,v) — AG 5. ) <K ( sup |y (v) — 7 (@)* + s —s|2> :

ae. (w,r) e Qx[t,sAs]foralls,s €[t, T], v,y € D([0, T], R?), and satisfies
the following growth condition

= 2
|A(rs, )| <K (1 + sup |y(u)|2> )
uel0,s]
(C3) The map (r, x,z) — (B1(r,x), ..., Ba(r, x), C(r, x, z)) defined on [, T] x
D([0, T], R?) x R’ is Borel measurable and the following Lipschitz and growth
conditions hold

d

D 1Bj(s,n—Bj(s. 1)+ 1C(sy, )—C(s 7. D)Pv(d2) <K sup [yw)—pw)|*
=1 R/ u€l0,s]

and

d
D 1B, I +/ IC(s, 7, D)Pv(dz) <K [ 1+ sup [y},
=1 R/ uel0,s]

foreach s € [¢t, T] and for all y, y € D([0, T], Rd).

Theorem 4 Let (C1)—(C3) hold. Then, for any y € D ([0, T], ]Rd) with
SUDPs[0.1] ly ()|> < oo, t € [0, T, there exists a strong solution to FSVIE (32).

Proof The proof is quite similar to Kromer et al. (2015). U

Now, let m = d and we consider the linear cases of path-dependent FSVIEs and
BSVIEs with jumps (31) and (30), where we regard

A(r,s,y) = Alr, s, )y (r—), (33)
B](r,)/) ZBJ(”’V)V(”—)a J=17 7d7 (34)
C(r,y,2) =C@r,y, 2y (r—), 35)

forany (r,s,y) € [t, T]> x R and with A(., -, -), B;(-, ), C(-, -) € R¥x4,

Theorem 5 Let & ¢ LZF,T(D([O, T1,RY):;R), v € D(0,T],RY, with

SUPsepo.1 17 ()% < 00, 1 €0, T]and ¢(-) € LE(Q x D([0, T1, R?); RY) satisfying
(Cl).

Furthermore, A : Q x [t, T1* x D([0, T],Rd) — RIx4d B; : Q x[t,T] x
D([0, T],RY) — R4 C: Qx[t, T1x D([0, T], R?) xRl — R¥*? are uniformly
bounded and (C2)—(C3) hold for (33)—(35).

Let X,, be the strong solution to FSVIE (31) and (Y,,(-), Z,(-, ), Uy, (-, -, -)) €
H2[t, T] be the unique adapted M-solution to BSVIE (30). Then, we have the
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following duality principle
T T
E [/ (0(Xy,r=), Yy, (V—))dr} =E [f (Xy, (r—), d’(Xy,,r—))dV} . @6
t t

Proof Since (Yy,(-), Zy,(-,*), Uy, (-, -,-)) € H2[¢r, T] is the unique adapted M-
solution to BSVIE (30), we get

Y, () = E[¥,, ()] + / Z,, (5, AW () + / / Uy G5, N r, da).
t R

t

With Fubini’s theorem, this implies
T
E |:f (0(Xy,r=), Yy, (r—))a’r]
t

T T K
=E[/ (X, (s—),YV,(s—))ds] —IE|:/ (/ A(r,s, Xy, 5 )Xy, (r—)dr,YV,(s—))ds]
t t Ji

T s d
_E /(/ 3" Bj(r 5, X5 Xy, (rm)dW ()
t 1

j=1

N
+/ /z C(r,s, Xy, 5—,2)X,,(r—=)N(dr, dz),
t R

E[Yyt(s—)]—i—/‘ Zy,(s,r)dw(r)+/~ /IUV’(S’" )N dr, dz))dS}
t R

t

T T d
=B [ 00860 [ AT, X, )+ BT Xy )2 1)
t s .
Jj=1

+ /[ Cl(s,r, Xy, DUy, (1, s, z))v(dz)) dr)ds]
R

T
=E [/ (Xy, (s—), CD(X%’X_))dsi| .
t
O

Next, we consider a one-dimensional linear path-dependent FSVIE with jumps of
the form

Xy, (s) =(p(th,s)+/‘ a(r, s, ths,)Xy[(r—)dr—I—/ b(r) X, (r—=)dW(r)
t t

+f‘ /lc(r, DX, r—)N(dr,dz), s el Tl
t R

Xy (s) =vi(s), s€[0,0),
(37)
where the coefficients b and ¢ do not depend on the path of process X, . For the proof
of the comparison theorem to BSVIEs we need a comparison theorem for FSVIEs.
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Theorem 6 Let a : Q x [t,T]> x D([0,T],R) — R be Fi. ® B([t, T]* x
D([0, T, R))-measurable such that for any s € [t,T], y € D([0, T], R) the map
r — a(r,s, ys—) is F-progressively measurable on [t, s]. Moreover, a satisfies the
following Lipschitz and growth conditions

la(r, s, ys—) —a(r, 5, %:2)1* < K < sup ly(s) — 7>+ 1s — EF) . (3%)
selt,r

a.e (w,r) € L x[t,s Aslforalls,s €[t, T], y,y € D([0, T], R), and

la(r, s, ys—)|> < K (1 + sup |y(s)|2), (39)

selt,r]
a.e. (w,r) € L x[t,s]foralls €[t,T], y € D([0, T], R). Furthermore, let
a(l", Ee VE—) _a(rv s, Vs—) 2 07 (40)

a.e (w,r) € L x [t,s] forany y € D([0,T],R), s,5 € [t,T] with s > s. Let
(r,z) = (b(r), c(r, 2)) be Borel measurable, where b is uniformly bounded and

/ le(r, 2)*v(dz) < o0,
Rl

foranyr € [t, T). In addition, c(r,z) > —1 a.s. forall (r,z) € [t, T] x R.. Then, for
any ¢(-) € L%(Q x D([0, T], R); R), satisfying (C1), with

o) = e(ys) 20, s,5€[t,T],§>5s, as., (41)
FSVIE (37) admits a unique solution X,,(-). Moreover, it is
X, () =0, selt,T] as. 42)

Proof We will use the techniques from Wang and Yong (2015) and Lu (2016). Let
IT = {#, 0 < k < N} be a finite sequence of real numbers witht =1 <t < ... <
ty =T, ||| = maxj<x<pn |t — te—1]-
Define
N-1
a(r,s, ys0) = Z a(r, te, Vo) L, i) ()5
k=0
N-1
") =Y o) U (),
k=0
where ¢(Xy, 1) < ©(Xy;,5041) @S
Foranyt <r <s <T,y € D([0, T], Rd), we note that with (C2)

la"(r, s, Xy, s)—a(r, 5, Xy, 5-)| §K< sup |Xy,,s<r)—xy,,s-<r)|+||n||>.

T€ls, 5], |s—=5|<|ITT|

Furthermore, we obtain

2
E [ sup |w“<xy,,s)—¢<xy,,s)|2} sE[ sup (X, ) —0(Xy, 5] }
se(t,T] [s—=s|<||TTl, s,5€[¢,T]
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Now, let X™(-) be the solution to the following FSVIE with jumps
s N
XNs) = " (Xy,5) + / a'l(r.s, Xy, s )X} (r—)dr + / b(r) X} (r=)dW (r)
t t

+/S/lc(r, DX (r—)N(dr,dz), s €1, T],
t JR

XJ(s)=y(s). sel0.n.

(43)
We get
o 2
E| sup [X[s) = Xy, (9)|
selt,T]
2

f b(r) (X)) (r=) =X, (r—=)dW (r)
t

SCE[ sup 9"(Xy, ) —9(Xy,.5)*+ sup
selt,T] selt,T]

s
+ sup <
selt,T] \J¢

/ / c(r, (X)) (r=) — X,,(r—))N(dr, dz)
t JR! !

2
an(r’ s, th,s_)XE(r—) —a(r,s, Xy, s-)X,, (r—)‘ dr)

1

+ sup
selt,T]

Itis

an(r, s, Xy, s_)Xn(r—) —a(r,s, Xy, s_)Xyr(r—)‘

<|a 5. X, 5| | X 0= = X, 0| +]a" 5. X, ) =025, [ X5, )|

2
E[ sup (/ FRICE S )|‘Xn(r ) — Xy (r— )‘dr>i|
selt,T]

s
5]}3[ sup / (1+ sup |th(‘r)|>‘Xn(r ) — Xy, (r— )) dri|
selt,T]Jt T€E(t,r]

5KIE|: sup ’X (r—) — X,, (r— )’ / sup IX,, (0)Pdr
[

and

tels,s],s,s<|/IT]| T€lt,r]
r I
+/t )X%(r—)—xy,(r—)) dr:|.

Since b : w x [t,T] = R, ¢ : w x [t, T] x Rl = R are Borel measurable and
X ]I}[, X, are both cadlag and adapted processes, which implies that X )I}l and X, are
progressively measurable, the integrals

/b(r)(X r—)—X,,(r=)dW(r) and//c(r z)(Xy[(r ) =Xy, (r— VN (dr, dz)

) Springer Open



Page 30 of 37 L. Overbeck, J. A. L. Roder

are local martingales. Since b : w x [t, T] — R is bounded, we get with Burkholder—
Davis— Gundy inequality
2:|

E| sup
selt,T]

T 2
<CE [/ XM= - X, )| dr] .
t

/‘ b(r) (Xg(r—) - X,, (r—)) dW(r)
t

Similarly, it is

d

T 2
<CE [/ ’X)l;l(r—) . th(r—)’ drj|
t

|

ft /R e(r2) (Xg (r—) — X,, (r—)) N(dr, dz)

and with Gronwall’s lemma we get for any s € [¢, T']
- 2
E ‘X% (5) — Xy, (s)‘

<C {E [ sup lo(Xy,.5) — go(xy,,§>|2]

s.5€[t,T],|s—5| <[ TT]]

T
2 2 —
+E[( sup [ Xy, (1) = Xy, 5- (D) +||r1||2)/ | X)) dr:“eC(T 2
T€El t

8,51, |s—S|<[ITT]|

Hence, it follows for any s € [¢, T]
- 2
lim E ny () — X,, (s)‘ } —0. (44)
(ITT}|—0 !
For s € [t, t1) we get with definition (43) a linear FSDE of the form
N N
XNs) = (X0 + /t a(r.t, Xy, NXJ} (r=)dr + /t b(r) X} (r—)dW (r)
A
+ / f c(r,2)X}, (r—=)N(dr, dz),
t JR
where the solution X )12 (s), s € [t,11), is a Doléans—Dade exponential of the semi-

martingale X, which is positive for c¢(r,z) > —1 for all (s,z) € [t,1]) X R/, see
Doléans-Dade (1970). In particular, it is

t

n 1
XM n—=) = (Xy,.0) + / a(r,t, Xy, ) X)) (r=)dr + f b(r) X}, (r=)dW (r)

t
+/lfc(r, )X} (r—)N(dr, dz).
t R
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Now, for s € [t1, ) it is

N

XJH(s) = ¢(Xy,iy) + j

1

a(r.t, Xy,0) X}, (r=)dr + /S b(r) X, (r=)dW (r)

n
S
+/ /c(r, )X (r—)N(dr, dz),
1 R
where
n
@(Xy,,tl)=¢(XV,,”)—w(xy,,t>+xgm—)+f (aCr, 11, Xy ) —a(r £, Xy, ) X, (r)dr.
t

Since (40) holds, ¢(Xy, 1) = @(Xy,;) for 1 < 1 and XJN(11—) = 0, it is

@(Xy,.1;) = 0. With the same arguments for s € [t, 1), it is X)l;f(s) > 0 a.s. for any

s € [t1, 7). By induction we get that Xll;f(s) > (0 a.s. forall s € [z, T]. Equation (44)
yields that X, (s) > O a.s. forany s € [£, T]. O]

For the comparison theorem we consider the following path-dependent BSVIE
with jumps

YV[ (S )

T
= qJ(XVt,S)+/ f(S,r,th’r_, Yy,(r—))—i-h(S, Zy,(rs S)’/l U]/t(rv S7 Z)U(dz))dr
s R

T T
_/ ZVI(S,r)dW(r)—/ flU%(s,r,z)N(dr,dz), selt Tl
s s R
(45)

Theorem 7 Let f, f : Q x [t,T1? x D0, T],RY) x R — Rand h,h : Q x
[£,T]1 x D0, T, RHY xR xR > R satisfy assumptions (H2) and (H3) such that

fGry,y)> f@,rny,y), as,

- (46)
h(s,z,u) > h(s,z,u), a.s.

forall (s,r,y,y,z,u) € A°[t, T] x D([0, T], ]Rd) X R x R x R. Moreover, y >
f@s,r,y,y) € C'R;R) and (z,u) — h(s,z,u) € C'(R x R;R) for any y €
D([0,T],R) and (s, r) € [t, T1? with fy» bz, hy uniformly bounded and

| fy (5,8, Vs )Y =)= fy (1, 5, 75—, y)?(r—)IZSK( sup |V(s)—f(s)|2+ls—§|2).

s€lt,r]
Furthermore,
fy(ragv )/5—’ y) - fy(”’S, Vs—s y) Z 07

a.e. (w,r) € Qx|[t,s]foranyy € D([0, T], ]R), s,5 €[t, TIwiths > s. For ®,® €
sz, (D([0, T1, R%); R) we assume ®(y) > ®(y) a.s. for all y € D([0, T], RY).
T

Let (Yy, (1), Zy, (-, ), Uy, G, -, ) and (Yy,(-), Zy, (-, ), Uy, (-, -, ) be the adapted
M-solution to BSVIE (45) corresponding to (f, h, ®) and (f, h, ®), respectively.
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Then, we get

T T
E [ / Yy, (u—)dui| >E [ / Y,, (u—)dui| . 47)
t t

Proof Define for any (s, r) € [t, TP he R\ {0}, the map l;; L [0, 1] - R by

1Y _(0) =Yy, (r=) +0 (Yy,(r=) = Yy, (r-)).
It follows that

fs.r Xyrm, Yy ) — £ (5.7, Xy, ¥y (7))

1 a S,r -
=/O 5)‘ (lx’w_,,(é’)) do - (Yy,(r—) — Y, (r—)).

Similarly, we define forany s € [¢, T], h € R\ {0}, amap g° : [0, 1] - R xR by

& O) =(Z,,(r,s) + 0 (Z,,(r,s) — Zy,(r,5)),

/ Uy, (r,5,2) + 6 (Uy, (r,5,2) — Uy, (1, 5, 2)) v(dz)>
R

and this yields

h (S, Zyt(l", 3)9/ UV;(r’ss Z)U(dZ)> —h <S’ Z}’t(r’ S)’/ 0yt(r,S,Z)V(dZ)>
R R
1 9 _
=/ h (8©)d6 - (Z,,.5) = Zys—(1:5)
0 Z

1
+/ ih(gS(e))de-/ Uy, (r,s,2) — Uy, (r, s, 2)v(dz).
o OJu R

Since (Y, (1), Zy, (-, ), Uy, o))y (Yo, (), Zy, -, ), Uy, (-, -, ) are adapted

M-solutions to BSVIE (45) corresponding to (f, h, ®) and (f, h, CT>), respectively,
we get for s € [¢, T']
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YJ/r (s) — Y)’z (s)
T - -
= cp(XV,,S)Jr/ Ao(s, 1, Xy r ) (Yy, (r=) =Yy, (r =)+ Ai(s)(Zy, (r, $)— Zy(r,5))dr

T T
+ / / Aa(s) (Uy, (r, s, 2) = Uy (r, 5, 2))v(dz)dr — / Zy(s, 1) = Zy(s, r)W(dr)
s JR s

T
—/ fUy,<s,r,z)—Uy,<s,r,z)1v(dr,dz>, seltTl,
s R

where
D(Xy, )

T
= qD(Xy,,s)_cD(Xy,,s)‘l‘/ f (Sv r, Xy,,rf, Yy,(r_))_f (S’ r, thr,, Yy,(r_))dr

T
+f h(s,Zyt(r,s),/ll_]y,(r,s,z)v(dz))—ﬁ <s,2y,(r, s),flUV,(r,s,z)v(dz)>dr,
s R R

and

'3 . Y
Ao(s, 7, XW_)=/0 5]‘(!%’,#(9))(10, Al(s):/(; oot (5" ©) de.

:
Az(s)=/0 ook (8°0)) db.

Pick any ¢(-) € L%(Q x D([0, T], R); R) with ¢(y) = 0,y € D([0, T]; R), and
consider a path-dependent linear FSVIE of the form

N

Xy,(s) =¢(Xy,,s)+/ Ao(r, s, Xy,,sf)Xy,(r_)dr‘f‘/ Al(r)Xy,(r_)dW(r)
t t

+/' / Ar()X,, (r—)N (dr, d2),
t R

for s € [t, T]. Theorem 6 yields X,,(s) > O a.s. Moreover, it is dAD(XV,,S) > 0, a.s.
The duality principle (Theorem 5) implies for s € [¢, T']

T T
E[[ (0 (Xyu-), Yy,(u—)—l?y,(u—))du} =E [/ (Xy,(u—),q)(Xy,‘u))du}Z 0
t t

T T _
E |:/ Y, (u—)du:| >E |:/ Yy, (u—)du:| .
t t

and we obtain

6 Path dependent BSVIEs and dynamic risk measures
As indicated in the introduction, BSVIEs are related to dynamic risk measures, see

Yong (2007). If the risk measures are now based on path-dependent BSVIEs, the
risk measures exhibit an additional dependence from an underlying process X. This
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process can be called a factor process or asset price process and may drive the value
process ® = ®(X) as well as the generator of the BSVIE.

Then, differentiability enables the understanding of the sensitivity of the risk
measure with respect to the underlying process X.

With the help of the comparison theorem, we are able to define a class of
continuous-time dynamic risk measures by the solution of a path-dependent BSVIE
with jumps. The following two definitions are taken from Yong (2007), which we
modify for our purpose. Since the results of the previous sections can be applied, the
proofs from Yong (2007) can also be modified.

Definition 3 A map p : L%_-T t, T) —> LIZF(t, T) is called a dynamic risk measure
if the following hold

1. (Past Independence) For any ®(-), ®(-) € L2, (D ([O, T], Rd) ; R), if
T

O(yy) = P(ys), as.we, selrT],
for somer € [t, T], then
p(r; ®()) = p(r; ®(), as we Q.

2. (Monotonicity) For any ®(-), ®(-) € L;, (D (10, T1.R?); R), if
T

D(y) < d(y), asweQ,yeD ([0, T],Rd> ,

then
p(s; @) > p(s; D)), as we,selt,T]

Definition 4 A dynamic risk measure p : L%_-T t, T) — L%(t, T) is called a
dynamic coherent risk measure if the following hold

1. (Positive homogeneity) For any ®(-) € L%_., (D ([O, T], Rd) ; R) and » € RT,
T
P ADPC) =A-p(s; D)), aswe,selt,T]

2. (Sub-additivity) For any ®(-), ®(-) € L;, (D ([0, T1.RY); R)
T

pls; @)+ () < ps; () + p(s; D(), as. weQ,selr, Tl

3. (Translation invariance) There exists a deterministic integrable function r(-, -)
such that for any ®(-) € L2 . (D ([0, T], Rd) ; R)
T

T
p(s; () +c¢) = p(s; D)) — ce™ ks rawdu s we Qs et T
We denote

T
p(s, ®()) = E [ / Y, (s—)ds] , 48)
t
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where (Y, (1), Zy, (-, ), Uy, (-, -, -)) is the unique adapted M-solution to the following
path-dependent BSVIE with jumps

Y)/t(s)

T
= —(I)(X},[,S)-i—/‘ f(s, r Xy, =Yy, (r—))-l—h(s,Zy, (r, s),/lUy[ (r,s, z)v(dz))dr
K R
T T B
_/ Zy, (s, r)dW(r) —/ /[ U, (s,r,2)N(dr,dz), seftT]
K K R

Proposition 1 1. Let fand h satisfy (H2) and (H3). Moreover, suppose that both
are sub-additive, i.e.,
FGory.yi+y2) < fls,ry.y)+ f(s.ry, y2)
h(s,z1 + z2, u1 +u2) < h(s, z1,u1) + h(s, z2, uz)
for all (s,r) € [t, T]Z,yl,yz e R,z1,z20 € R, uy,up € R. Then, D) —
p(s; () is sub-additive, i.e.,
p(s; @1() + P2() = p(s; P1() + p(s; P2()), a.e.
2. Iff:[t, TP x DO, T,RY) xR — Randh : [t,T] x R x R — R are
positively homogeneous, i.e.,
f(sary ]/7)\)7) = )" ° f(S,r, V’ )’), h(s’)"zy)"u) = )\' 'h(sa Zyu)a

forany » € RT, (s,r) € [t,T1% y € D0, TI,RY), y e R,z e R? andu € R
a.e., then ®(-) — p(s, ®(-)) is also positively homogeneous.

3. Iffis independent of y € D([0, T1,R?) and of the form f(s,r,y) = r(s,r)y
with a deterministic integrable function r(-,-), then ®() — p(s; P()) is
transition invariant, i.e.,

p(s; C)+c) = p(s; dD(-))—efsT rwdu g swe Qs elt, T, forallc € R.
In particular, if f(s,r,y,y) =0, then p(s, () + ¢) = p(s, D(-)) — c a.s. for
any c € R.

Theorem 8 Suppose f and h satisfy (H2) and (H3). Moreover, f(s,r,y,y) =
r(s,r)y, with r(-, -) being a bounded and deterministic integrable function. Then,
p(-), defined by (48), is a dynamic coherent risk measure if f and h are positively
homogeneous and sub-additive.

Proof The proof is given by Proposition 1 and the comparison theorem for path-
dependent BSVIEs with jumps (Theorem 7). [
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