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Abstract G-Brownian motion has a very rich and interesting new structure that non-
trivially generalizes the classical Brownian motion. Its quadratic variation process
is also a continuous process with independent and stationary increments. We prove
a self-normalized functional central limit theorem for independent and identically
distributed random variables under the sub-linear expectation with the limit process
being a G-Brownian motion self-normalized by its quadratic variation. To prove the
self-normalized central limit theorem, we also establish a new Donsker’s invariance
principle with the limit process being a generalized G-Brownian motion.
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Introduction

Let {X,;; n > 1} be a sequence of independent and identically distributed random
variables on a probability space (2, .%, P). Set S, = Z’}:l X ;. Suppose EX; =0
and EX? = ¢ > 0. The well-known central limit theorem says that
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or, equivalently, for any bounded continuous function ¥ (x),

E [w (%)} S EWE). @

where & ~ N (0, 0'2) is a normal random variable. If the normalization factor /7 is
replaced by +/V,,, where V,, = Z’;: 1 X%, then
Sn
A

Giné et al. (1997) proved that (3) holds if and only if EX; = 0 and

4 N, 1. A3)

CP(Xi=x)

m ————— = 4
x=00 EX3I{|X;] < x} @

The result (3) is refered to as the self-normalized central limit theorem. The pur-
pose of this paper is to establish the self-normalized central limit theorem under the
sub-linear expectation.

The sub-linear expectation, or also called G-expectation, is a nonlinear expec-
tation generalizing the notions of backward stochastic differential equations, g-
expectations, and provides a flexible framework to model non-additive probability
problems and the volatility uncertainty in finance. Peng (2006, 2008a,b) introduced a
general framework of the sub-linear expectation of random variables and the notions
of the G-normal random variable, G-Brownian motion, independent and identically
distributed random variables, etc., under the sub-linear expectation. The construction
of sub-linear expectations on the space of continuous paths and discrete-time paths
can also be founded in Yan et al. (2012) and Nutz and van Handel (2013). For basic
properties of the sub-linear expectation, one can refer to Peng (2008b, 2009, 2010a
etc.). For stochastic calculus and stochastic differential equations with respect to a
G-Brownian motion, one can refer to Li and Peng (2011), Hu et al. (2014a, b), etc.,
and a book by Peng (2010a).

The central limit theorem under the sub-linear expectation was first established by
Peng (2008b). It says that (2) remains true when the expectation E is replaced by a
sub-linear expectation [ if {X,; n > 1} are independent and identically distributed
under IAE, ie.,

Sp d ~
BN nder E, 5
N §u &)
where £ is a G-normal random variable.

In the classical case, when E[X%] is finite, (3) follows from the cental limit
theorem (1) directly by Slutsky’s lemma and the fact that

— —> 0.
n

The latter is due to the law of large numbers. Under the framework of the sub-

linear expectation, % no longer converges to a constant. The self-normalized central
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limit theorem cannot follow from the central limit theorem (5) directly. In this paper,
we will prove that
Sn d Wi
—

V'V (Wh
where W; is a G-Brownian motion and (W), is its quadratic variation process. A very
interesting phenomenon of G-Brownian motion is that its quadratic variation pro-
cess is also a continuous process with independent and stationary increments, and
thus can still be regarded as a Brownian motion. When the sub-linear expectation E
reduces to a linear one, W; is the classical Brownian motion with W ~ N (O, 62)

under I, (6)

and (W), = to'2, and then (6) is just (3). Our main results on the self-normalized cen-
tral limit theorem will be given in Section “Main results”, where the process of the
self-normalized partial sums Sp,;1/ 'V, is proved to converge to a self-normalized
G-Brownian motion W,/./{W)1. We also consider the case in which the second
moments of X;’s are infinite and obtain the self-normalized central limit theorem
under a condition similar to (4). In the next section, we state basic settings in a
sub-linear expectation space, including capacity, independence, identical distribu-
tion, G-Brownian motion, etc. One can skip this section if these concepts are familiar.
To prove the self-normalized central limit theorem, we establish a new Donsker’s
invariance principle in Section “Invariance principle” with the limit process being a
generalized G-Brownian motion. The proof is given in the last section.

Basic settings

We use the framework and notations of Peng (2008b). Let (€2, F) be a given measur-
able space and let 77 be a linear space of real functions defined on (€2, F) such that
if X1,...,X, € A, then p(Xq, ..., X,) € S foreach ¢ € C,(R") |J Cy,Lip(R"),
where Cp,(IR") denotes the space of all bounded continuous functions and Cy, 1;, (R")
denotes the linear space of (local Lipschitz) functions ¢ satisfying

lp(x) —@(| < CA + [x[™ +|y|")|x — yl, Vx,y€eR",
for some C > 0, m € N depending on ¢.
¢ is considered as a space of “random variables.” In this case, we denote X € 7.

Further, we let Cp 1;,(R") denote the space of all bounded and Lipschitz functions
on R”.

Sub-linear expectation and capacity

Definition 1 A sub-linear expectation E on A is a function E:»7 >R
satisfying the following properties: for all X, Y € F, we have
(a) Monotonicity: If X > Y then ]]:Z[X] > ]]:Z[Y];
(b) Constant preserving: E[c] = ¢,
(¢) Sub-additivity: B[ X + Y] < E[X]+ E[Y] whenever B[ X] + E[Y] is not of
the form +00 — 00 or —00 4 00;
(d) Positive homogeneity: E[AX] = AE[X], » > 0.

) Springer Open



Page 4 of 25 Z. Lin, L.-X. Zhang

Here R = [—o0, o). The triple (S}, A, IAE) is called a sub-linear expectation
space. Given a sub-linear expectation E, let us denote the conjugate expectation Eof
E by

E1X]:= —E[-X], VX € #.

Next, we introduce the capacities corresponding to the sub-linear expectations. Let
G C F. Afunction V : G — [0, 1] is called a capacity if

VW) =0, V() =1, andV(A) <V(B) YACB, A,Beg.

It is called sub-additive if V(A|JB) < V(A) + V(B) for all A, B € G with
AUBeg.

Let (2, 57, ]E) be a sub-linear space and & be the conjugate expectation of . We
introduce the pair (V, V) of capacities by setting

V(A) :=inf{E[£]: [4 < &,& € ), V(A):=1—V(A°), VAeF,
where A€ is the complement set of A. Then, V is sub-additive and

V(A) [IA] V(A) = g[IA], ifly € I

A ~ 7
E[f]1 < V(A) < Blgl. E1f1=<V(A) <&lgl. iff <lax<g. f.ge . @

Further, we define an extension of £* of & by

E*[X]=inf(E[Y]: X <Y, Y € #}, VX:Q — R,
where inf ) = 4+o00. Then,

E*[X] = R[X]if X € 22, V(A) = E*[14],
Bl f1<B*[X]<Elgl if f<X<g, fge .

Independence and distribution

Definition 2 (Peng (2006, 2008b))

(i) (Identical distribution) Let X | and X be two n-dimensional random vec-
tors defined, respectively, in sub-linear expectation spaces (21, 761, E)

and (20, 76, Ez). They are called identically distributed, denoted by X | <
X if

Bi[o(X1)] = Ealp(X2)], Vo € CrLip(RY),

whenever the sub-expectations are finite. A sequence {X,; n > 1} of random

variables is said to be identically distributed if X; 4x 1 foreachi > 1.
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(i) (Independence) In a sub-linear expectation space (2, €, IAE), a random
vector Y = (Y1,...,Y,), Y; € S is said to be independent to another
random vector X = (X1,...,Xm) , X; € J under k if for each test
Sunction ¢ € Cy i, R™ x R") we have

BloxX, )1 = & [Bloee, V1|, _y |
whenever ¢(x) = E [lp(x, Y)|] < oo forall x andIPZ[IE(X)l] < 0.

(iii) (IID random variables) A sequence of random variables {X,;n > 1} is

said to be independent and identically distributed (IID), if X; 4 x 1 and
Xiy1 is independent to (X1, ..., X;) foreachi > 1.

G-normal distribution, G-Brownian motion and its quadratic variation

Let0 < g <0 < oo and G(w) = %(Ezoﬁ‘ —g2ot_). X is called a normal
N (O, [gz, 62]) distributed random variable (written as X ~ N (0, [gz, 52])) under
IE, if for any bounded Lipschitz function ¢, the function u(x, 1) = E [¢ (x +V1X)]
(x € R, ¢ = 0) is the unique viscosity solution of the following heat equation:

ot — G (2,) =0, u(0, %) = p(x).

Let C[0, 1] be a function space of continuous functions on [0, 1] equipped with

the supremum norm ||x|| = sup |x(¢)| and Cp (C[O, 1]) is the set of bounded con-
0<t<l
tinuous functions A(x) : C[0, 1] — R. The modulus of the continuity of an element

x € C[0, 1] is defined by

ws(x) = | su‘p . [x(t) — x(s)].
t—s|<

It is showed that there is a sub-linear expectation space (52 j?, IE) with @ =

C[0, 1] and Cj (C[0, 1]) C A such thaL(%fZ, E[H - |I]) is a Banach space, and the
canonical process W(#)(w) = w(@ € ) is a G-Brownian motion with W(1) ~
N (O, [gz, 52]) under E, ie., forall0 <t <...<t, <1,¢ € Cpj;,(R"),

E[p (W), ..., W(tam1), W(ta) = W(tam))] = E[¥ (W), ..., W(ta—1))],
~ 3)
where ¥ (x1, ..., xn_l)) =E [(p (xl, e Xn—1s I — i—1 W(l))] (cf. Peng (2006,
2008a, 2010a), Denis et al. (2011)).

The quadratic variation process of a G-Brownian motion W is defined by

W = ||n1;r||nﬁ0 o (W (’JN> W (t;v—l))z =W - 2/0’ WndW .
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where TTN = {1V, +V, ... 1} } is a partition of [0, #] and | TTV || = max; ’t]N - th_l

and the limit is taken in Lj, i.e.,

N-1

o > (w()-w (i) =] [ =0

j=1

The quadratic variation process (W), is also a continuous process with indepen-
dent and stationary increments. For the properties and the distribution of the quadratic
variation process, one can refer to a book by Peng (2010a).

Denis et al. (2011) showed the following representation of the G-Brownian motion
(cf. Theorem 52).

Lemma 1 Let (2, %, P) be a probability measure space and {B(t)};>0 is a
P-Brownian motion. Then, for all bounded continuous functions ¢ : Cp[0, 1] > R,

t
Elp (W(E)] = sup Eple Wo()], Wa(r) =/0 0(s)dB(s),

where

0= {9 : 0(¢) is an F-adapted process such that o < 0(t) < E} ,
Fr=0{B(s):0<s <t}vA, Nisthe collection of P-null subsets.

For the reminder of this paper, the sequences {Xn;n > 1},{Y,; n > 1}, etc., of the
random variables are considered in (€2, 57, [£). Without specification, we suppose
that {X,;; n > 1} is a sequence of independent and 1dent1ca11y distributed random
variables in (2, 57, E) with E[Xl] = E[Xl] =0, E[X2] =52, and £ [Xz] = o2
Denote S = 0, S¥ = Y0 Xk, Vo = 0, V, = Y1, Xz. And suppose that
(5, 1%7, IET) is a sub-linear expectation space which is rich enough such that there
is a G-Brownian motion W (r) with W(1) ~ N (0, [ 2 l) We denote a pair of

capacmes corresponding to the sub-linear expectation E by (V V) and the extension
of E by E*.

Main results

We consider the convergence of the process S[)f”]. Because it is not in C[0, 1], it needs
to be modified. Define the C[0, 1]-valued random variable ’Sv‘f () by setting

YA X, ift=k/n (k=0.1,....n);
S;f () = 1 extended by linear interpolation in each interval
[k — I~ kn™1].

Then, §,§ (1) = S[)it] + (nt — [nt]) X[nr1+1. Here [nt] is the largest integer less than or
equal to nt. Zhang (2015) obtained the functional central limit theorem as follows.
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A 2 +
Theorem 1 Suppose E [(X 2 —b)

continuous functions ¢ : C[0, 1] - R,

T (5F0N] -
& [w (%)} ~E[ewo). ©)

Replacing the normalization factor 4/n by +/V,,, we obtain the self-normalized
process of partial sums:

] — 0 as b — oo. Then, for all bounded

SX()
Vi

Wu@) =

where % is defined to be 0. Our main result is the following self-normalized functional
central limit theorem (FCLT).

Theorem 2 Suppose E [(X 12 - b)+] — 0 as b — oo. Then, for all bounded
continuous functions ¢ : C[0, 1] - R,

. ~ W()
E* W (- E . 10
o (Wn()] — [(ﬂ( (W)lﬂ (10)

In particular, for all bounded continuous functions ¢ : R — R,

) SX ~ w(l
2 (o ()] Bl ()]
1
— sup Er Jo 0(s)dB(s)

@
0e® /fol 02(s)ds

(1D

Remark 1 It is obvious that

~ W)
E |:<P <W>:| > Eplp (B(-)].

An interesting problem is how to estimate the upper bounds of the expectations on
the right hand side of (10) and (11).

F we o4 Wo
urther, N N

NQ,[r 2, 1]), r> =5%/a>

where W (t) is a G-Brownian motion with W(1) ~

For the classical self-normalized central limit theorem, Giné et al. (1997) showed
that the finiteness of the second moments can be relaxed to the condition (4). Csorgd
et al. (2003) proved the self-normalized functional central limit theorem under (4).
The next theorem gives a similar result under the sub-linear expectation and is an
extension of Theorem 2.
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Theorem 3 Let {X,;n > 1} be a sequence of independent and identically
distributed random variables in the sub-linear expectation space (2, I, E) with
E[Xl] = [X1] = 0. Denote [ (x) = [X2 A X ] Suppose

(1) 2V(|X1| >x)=o0((x))asx - o0
X Ax] 2

(II) hmx_)oo ’W re- < oo,

(1) E[(|X1| —o)f]1—= 0asc — oo.

Then, the conclusions of Theorem 2 remain true with W (t) being a G-Brownian
motion such that W(1) ~ N (0, [r~2, 1]).

Remark 2 Note for ¢ > 1, l(cx) = [X2 A (cx) ] <lIlx)+ (cx)zV(|X1| > X).
Condition (1) implies that [(cx)/l(x) — 1 as x — 00, i.e., [(x) is a slowly varying
function. Therefore, there is a constant C such that | xoo y 2 (y)dy < Cx7'(x) if x
is large enough. So, fxoo V(X1 = y)dy = o(x~'(x)). Also, by Lemma 3.9 (b) of
Zhang (2016), condition (Ill) implies that & [(1X1]—0)T] < fxoo V(X1| = y)dy.
Hence, [(|X1| — x)+] = o(x Y1 (x)) if conditions (1) and (Ill) are satisfied. When
I:E is a continuous sub-linear expectation, then for any random variable Y we have
E[Y|] < fooo V(Y| > y)dy by Lemma 3.9 (c) of Zhang (2016), and so the condition
(1) can be removed. Here, | is called continuous if, for any 0 < Xy, X € J with
E[X 1, ]E[X] < 00, E[X 1/ IE[X] whenever 0 < X,, /' X, and, IE[X 1\ E[X
whenever X, \( X.

Invariance principle

To prove Theorems 2 and 3, we will prove a new Donsker’s invariance principle. Let
{(Xi, Y;);i = 1} be a sequence of independent and identically distributed random
vectors in the sub-linear expectation space (R, 7, E) with E[X 11 = E[ Xi1]1=0,
E[x?] =352 X3 = o2 E[Y1] = T, £[Y1] = p. Denote

~T1
G(p,q)=E[§qX12+pY1], p.q €R. (12)

Let & be a G-normal distributed random variable, n be a maximal distributed ran-
dom variable such that the distribution of (£, n) is characterized by the following
parabolic partial differential equation (PDE) defined on [0, o0) x R x R:

du—G (a “, Bxxu) —0, (13)
i.e., if for any bounded Lipschitz function ¢(x,y) : R?2 — R, the function
ux,y,1) = Elp(x +/1&, y+1tn)] (x,y € R, > 0) is the unique viscosity
solution of the PDE (13) with Cauchy condition u|;—o = ¢.

Further, let B; and b; be two random processes such that the distribution of the
process (B., b.) is characterized by

(i) Bo=0,bp =0;
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(i) foranyO <t <...<tx <s <t+s, (Bs4+— By, bs4+ — by) is independent
to (By;, b)), j =1,...,k, in sense that, for any ¢ € CI,L,',,(RZ("‘H)),
E[p ((By. by, ... (Bys b)), (Byir — By, byt — by))] 1
=E [W ((Bn > bll)ﬂ s (Btk» btk))] >
where

¥ (1, y1), - os (X, Y1) = Elg ((x1, Y1) oo ks Vi) s
(Bs4t — Bs, bsys — bs))] ;

(i) forany7,s > 0, (Byss — By, bssr — bs) > (B, by) under E;

(iv) foranyt > 0, (B;, by) 4 (ﬁBl, tbl) under IE;
(v) the distribution of (B1, b1) is characterized by the PDE (13).

It is easily seen that B; is a G-Brownian motion with B; ~ N (0, [02,57]),
and (B, by) is a generalized G-Brownian motion introduced by Peng (2010a). The
existence of the generalized G-Brownian motion can be found in Peng (2010a).

Theorem 4 Suppose E [(X? —b)t] - 0and k [(1Y1]—b)F] > 0asb — .

Let
~ SX@t) SY(
W)= (220 5 @)
N n
Then, for any bounded continuous function ¢ : C[0, 1] x C[0, 1] = R,

lim B[ (W,())] = Elp (B..b)]. (15)

Further, let p > 2, g > 1, and assume ]E[|X1|1’] < 00, ]E[lYllq] < 00. Then, for
any continuous function ¢ : C[0, 1] x C[0, 1] — R with |p(x, y)| < C(1 + ||x]|” +
Iy1I9),

Jim B o (W, ()] =Ele (B..b)]. (16)

Here ||x|| = supy<,<; [x(@)| for x € C[O, 1].

. Remark 3 When X and Y1< are random vectors in R? with IAE[X;{] = IAE[—X/(] =0,
E[(I1X11> = b)T] = 0and E[(||Y1]| — b)*] — 0 as b — oo. Then, the function G
in (12) becomes

~ 1
G(p,A)=E [E(AXl, X1) +(p, Yl)i| , peR, AeS@),

where S(d) is the collection of all d x d symmetric matrices. The conclusion of
Theorem 4 remains true with the distribution of (By, b1) being characterized by the
following parabolic partial differential equation defined on [0, 00) x R? x RY:

atu -G (D,Vua D)%xu) = 07 u|t:0 =@,

where Dy = (3y,)}_, and D3, = (33, ){ ;).
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Remark 4 As a conclusion of Theorem 4, we have

s (Sh SH = 2
Blo (252 ) | > E[er 0], ¢ o).
Jn'on
This is proved by Peng (2010a) under the conditions E[|X1|2+6] < oo and

E [|Y1 |1+8] < 00 (cf. Theorem 3.6 and Remark 3.8 therein).
When Y1 =0, (15) becomes

TX (. ~
lim & [w (SJQ)} =E[p(B)], ¢ € Cy(CIO, 1]),

n— 00 n

which is proved by Zhang (2015).

Before the proof, we need several lemmas. For random vectors X, in (2, /7, ]E)
and X in <S~2, %7 IE) we write X, —d> X if

Elp(X,)] = Elp(X)]

for any bounded continuous ¢. Write X, X x if V(| X, — x| = ¢) — O for any
€ > 0. {X}} is called uniformly integrable if

lim limsupE[(| X, —5)T] =0
b—00 p—soo

The following three lemmas are obvious.
Lemma?2 If X, LY X and ¢ is a continuous function, then ¢(X,) LY o(X).

d % \% .
Lemma 3 (Slutsky’s Lemma) Suppose X, — X, Y, — y, nn — a, where a is
a constant and y is a constant vector, and V(|| X| > A) — 0 as . — oo. Then,

(X0, Yy, nn) < (X, y,a), and as a result, n,X,, + Y, 4 ax +y.

Remark 5 Suppose X, —d> X. Then, §(||X|| > 1) = 0as A — 00 is equivalent
to the tightness of {X,; n > 1}, i.e.,

lim limsupV (|| X,]| > A) =0,
A—00

n—0o0
because for all ¢ > 0, we can define a continuous function ¢(x) such that I{x >
A+e} <) < I{x > A]and so

V(XN > 2 +e) = Blp(IX D] = lim Ele(I1X, )] < limsupV (|1 Xa ]l > 2.,

n—o0

limsupV (| X, | > %+ ) < lim Elg(1X, )] = Ble(1X D] < TAX| > 2).

n—oo
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Lemma 4 Suppose X, LY X.

(a) If{X,} is uniformly integrable and IE[((||X|| —b)t] = 0asb — oo, then,
R[X,] — E[X]. (17)

(b) Ifsup, IAE[|X,1||’1 < o0 and IE[|X||‘1 < 00 for some q > 1, then (17) holds.

The following lemma is proved by Zhang (2015).

Lemma 5 Suppose that X, —d> XY, —d> Y, Y, isindependent to X, under & and
TUX| > 1) — 0and V(|Y|| > &) — Oas A — oo. Then (X, Y,) > (X, Y),
where X 4 X, Y 4 Y andY is independent to X under E.

The next lemma is about the Rosenthal-type inequalities due to Zhang (2016).
LemmAa 6 Let {X1, ..., Xy} be a sequence of independent random variables in
(R, 7, E).

(a) Suppose p > 2. Then,

n

p/2
; k<n |< [ ]
P | k| =Cp | kl <§ | k|

k=1

(18)
n ) + p
+ ( e[xk] + (Brxa) ])
k=1
(b)  Suppose JE[X;{] <0, k=1,...,n Then,
A B P17 n A
B | |max(S, — S| | <2°77 ) E[|Xx|?), forl < p <2 (19)
LI s : k=1
and
- P n n p/2
in & in 2
B pax(sn = 50| | =€ 1 SR[X07] + (;E[wu ])

n
< Cpn?P U Y CRIXk|P), for p = 2.
k=1
(20)

Lemma 7 Suppose IE[X]] ]]:3[ X1] = 0 and IAE[X%] < o00. Let Yn,k =
p— _X p— . o~
(= \/_) V X AL Xk = X = X Syp = Y5y X jand S = Y5 X,
k=1,...,n. Then
=X |4

— <Cy, forallq>2,
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and
N §x p
lim E|:max nk :|:0
n—o00 k<n ﬁ

wheneverl@[(|X1|p —b)t] = 0asb — c0ifp=2, andI@[lX1|p] <o0ifp>2

Proof Note B[ X{] = 5[X11 = 0. So, |8[xn 1l = 1E1X1] —5[xn Il < BIX, 1 <
BI(X1 12 =) *ln= "2 and [B[X, 11] = [E[X1] - B[X, 11] < BIX,1] < Bl(X;]? -
n)Tn~1/2. By Rosenthal’s inequality (cf. (18)),
ﬂ:: |:max

k<n

S, zﬂ <Cy {nEnxn 1+ (n [1%12])"

( [(S[an] (E[xnl) ]) } q
<c, {mﬂ/? 1E[|X |2]+n’1/2( <nn1/21E[ X%—n)+]) }
<qu/2{ [|X1|2] (E[Xz]) } for all g >

] i ]
( [(E[an]) + (BIX,.10) D }

=Cp {”E[(|X1|p—n”/2) ]+nl’/2< [(X2 n) ])p/z
+np/2< [(Xz_n) ]) } .

The proof is completed. O

2

f["i [max

k<n

Lemma 8 (a) Suppose p > 2, B[X1] = E[-X] = 0, B[(X? — b)*] — O as
b— andI@[|X1|P] < 00. Then,

X |P
max | = is uniformly integrable and therefore is tight.
k<n | /1 |
n

(b) Suppose p = 1, E[(|Y1] —b)*] — 0as b — oo, and B[|Y1|P] < 0. Then,

Y

n

p
{r]?ax } is uniformly integrable and therefore is tight.
<n
- n=1
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Proof (a) follows from Lemma 6. (b) is obvious by noting

14
ity ((w_b>+) SI@:[(ZZ:]QYH—b)-ﬁ-)P]
n n

<c, (Zzzl Br(vi| — b)ﬂ)P

n

EU (Zzzlmm — b — B[Vl - b>+]})+ \p]

+Cp o
~ P ~
<Cp (B[(mi1=)*])" + Cp (P2 + 0" P) B[ 1P — b))
by the Rosenthal-type inequalities (19) and (20). O

Lemma 9 Suppose E [(|Y1| — b)+] — 0as b — oo. Then, for any € > 0,
sy . sy o
V(—" > E[Y1]+e> — OandV(—" < &[] —e) — 0.
n n

Proof Let Yy p = (=b) V Yx Ab, Spi = >4y Ykp and Spo = SY — Sy
Note IAE[YLb] — IAE[Yl] as b — oo. Suppose ‘]’AE[Ylgb] —IAE[Yl]‘ < €/4. Then, by

Kolmogorov’s inequality (cf. (19)),
S ~
) < nls E[Y1,5] + 6/4)

V(S
2
Yk » — B[ b])) )

32(2b)?
ne2

k 1

— 0.

=<

}1262 - Yk b — E[Yip1) ]

Also,

S 2 24
V( n2 E/2> <= BV — Yipl < ZE[(11] — 5)*] > Oas b — oo,
n ne k=1 ¢
It follows that
sy
V<—" > E[Y] +e> — 0.
n

By considering {—Y}} instead, we have

sy . -sr .
V(—"<€[Y1]—e>=V( L >E[—Y1]+e>—>0.
n n

O
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Proof of Theorem 4. We first show the tightness of VNVn It is easily seen that
34¢ " (Y] — byt
w5< n()) < o5 4 ke (W =D
n n

It follows that for any € > 0, if § < €/(4D), then

340) " L€\ 2. N
supV {ws | == ) z ¢ | < supV pOARE) =nz ) = ZE[anl -],

" k=1

Letting § — 0 and then b — oo yields

SY(.
supV(wa ("—()> > e) —0asé — 0.
n n

For any 1 > 0, we choose §; | O such that, if

1
Ay = {x tws, (x) < E} )

then sup, V (SY ()/n € AS) < n/2*! Let A = {x : [x(0)] < a}, K» = A2, A
Tllen, by the Arzeld-Ascoli thgorem, K> C Cp(CI0, 1]) is compact. It is obvious that
{SY(-)/n ¢ A} = 0, because SY (0)/n = 0. Next, we show that

V(SY()/neK§) <V(SY()/ne A +OOV SY()/n e A).
(S e 5) < v (Sl e n) s Tv (Sorme )
Note that when § < 1/(2n),

s (§,f(.)/n) < 2n|r — s|max |Y;|/n < 28 max |Y;].
i<n i<n
Choose a ko such that §; < 1/(2Mk) for k > ko. Then, on the event E =

{max; <, |Yi| < M}, {§}[ (-)/n € Ay} = @ fork > ko. So, by the (finite) sub-additivity

of V,
v(EN {3 0/n e k)
<V (Eﬂ {3’{(.)/;1 = AC]) + %V (E N {i{(.)/n e AZ})
k=1
<V <§,{(.)/n € A") + iv(@{(-)/n e A,i) .
On the other hand, -

A ~

gy < Blmaxis %1 _ nBOnI)
M M

It follows that
n[|Y,]]

V(§,{(-)/n c Kg) < V(ﬁ,{(-)/n c A”) + iv(g‘,{(-)/n = A;) =
k=1
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Letting M — oo yields

v (E,fc)/n € Kﬁ') <VEY()/n e A + k;v (§,{(-)/n € A;)

o
Ui n
<O+ZW<§
k=1

We conclude that for any > 0, there exists a compact Ko C Cp(C[O0, 1]) such that

[ [5Y¢ } SYy.
supE* I{ nC) Ky | =supV nC) g Ky <n/2. 21
n n n n
Next, we show that for any > 0, there exists acompact K1 C Cp(C[O0, 1]) such that
[ [5xo | SX()
supE* | 1 { 2 K =supV{-2L K1t <n/2. 22
up ] { i ¢ K | up NG ¢ K n/ (22)
Similar to (21), it is sufficient to show that
$X()
supV | ws >¢] —>0asd— 0. (23)
n vn

With the same argument of Billingsley (1968, Pages 5659, cf. (8.12)), for large n,
SX(. 2 sX
Vw(;A >3¢ )| < -V max“'zeﬁ
Jn 8 \i<n8] /[nd] JInd]

2 ISX e\ 4. s¥ o e\’
<-V | max > — 1| <=E max ‘ ‘ - — .
8 \i<né] /[nd] 25 €2 i<[nd] 1 \/[nd] 28

It follows that
SX¢.
lim lim sup V (w5 <"—()> > 36) =0
§—0 n—oo ﬁ

by Lemma 8 (a), where p = 2. On the other hand, for fixed n, if § < 1/(2n), then

05 (S ()/v/n) < 2nlt — s|max |X;|//n < 283/n max |X;].
i=n i<n

We have
X,
limV(w,g (S" ()) ze) =0
§—0 \/ﬁ

for each n. It follows that (23) holds. ~
Now, by combining (21) and (22) we obtain the tightness of W,, as follows.

sgplﬁ*[l{ﬁ/n(-) ¢ Ky x Kz}] <7 (24)
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Define IAEn by
Balp) = Bo(W. ()] ¢ € C(Cl0.11x C[0, 11).

Then, the sequence of sub-linear expectations {]En}zo | 18 tight by (24). By Theo-

rem 9 of Peng (2010b), {IAEn}ff’:] is weakly compact, namely, for each subsequence

A A o0 A o0
{]Enk},fil, ny — 00, there exists a further subsequence {]Emj}j—l C [Enk]k—l’

mj — oo, such that, for each ¢ € Cp(C[0, 1] x C[0, 1]), {I@mj [¢]} is a Cauchy
sequence. Define F[-] by

Flg] = lim &, [¢], ¢ € C»(C[0, 1] x C[0, 1]).
j—o00

Let @ = CJ[0, 1] x C[0, 1], and (&, n;) be the canonical process & (w) = a)t(l),
Nt (w) = w[(Z) (a) = (a)(l), a)(z)) € ﬁ) Then,

Blo(W, ()] = Flo@.n)l. ¢ cCo(ClO. 1% Cl0.1).  @5)

The topological completion of Cj,(£2) under the Banach norm F[|| - ||] is denoted
by Lr(RQ). F[-] can be extended uniquely to a sub-linear expectation on Ly ().

Next, it is sufficient to show that (&, n;) defined on the sub-linear space
(Q, Lr(Q), F) satisfies (i)-(v) and so (€., 1.) 2 (B., b.), which means that the limit
distribution of any subsequence of W, (-) is uniquely determined.

The conclusion in (i) is obvious. For (ii) and (iii), welet0 < f; < ... <t <s <
t + 5. By (25), for any bounded continuous function ¢ : R?**+D — R we have

B [@(Won, (1), -+ Wi, (), Wi (5 + 1) = Wi (5)) ]
ST oG- G ) Esgr — Esu s — 1)) ] -
Note

S - s¥,
sup <
0<r<1 NG NG

SYa - s,

max X
< k§n| k| X) 0,

maXg<p |Yi| v
sup < <n I | 0.

0<t<1 n N n

It follows that by Lemmas 3 and 8,

X Y X Y
£y Simjn1 Sim ] Simjnd Simjn
Vi mj NZTEEY

X X Y Y
Simjs401 ~ Simys1 Simjs+01 ~ Stmjs) (26)
/mj ’ m.,-

- F [(/7((5117 7711)7 s (Etkv ntk)v (%‘S‘l’t - ES? Ns+t — ns))] .
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In particular,

X Y X X Y Y
(S[mj(s+t)1—[mjs] S[mj(s+t)J—[mjs]> d (S[mj(s+t)J - S[mjs] S[mj(s—‘,-t)J - S[mjs]>

NI mj VM mj
d
- (§s+t — &y st — 77s)'
It follows that

S[)fnjf] S[{’ljf] d
e —> (";:s-i-t — &5\ Nyt — ns)- (27)
Sy mj
On the other hand,
sx - sY
[mjt] [mjt] _d) (s r])
—’ - t7 t b
Sy mj

by (26). Hence,
F[f (6t — & nows —10)] = F oG, 0] forallg e Cy (R, @8)

Next, we show that

Fll€ 4+ — 171 < Cpr?/? and Fllns, — ny|”1 < Cpt?, forall p > 2andt,s > 0.
(29)
By Lemma 9,

V(i —€ <ngyr —ny <tii+€) =1 forall e > 0. (30)

It follows that A

Fling: — 51”1 < tP[BIY111]7.

For considering &4, — &, we let E,)i ¢ and :S‘:f ¢ be defined as in Lemma 7. Then,

S,f = Efik + §Xk. By (27) and Lemmas 7 and 3,

n,

55 5y !
b 1 _d) &4+ — &5 and IAE Zmithmitd < Cptp/z, p=>2.
/mj /mj
It follows that
—X P .
. ~ S[m it],[m;t] 2
F (€54 — &P Ab] = lim E | | —===| Ab| < Cpt?/?, foranyb > 0.
n—o00 M

Hence,

F [|Es+t - §s|p] = blggoF [|€s+t —&lP A b] = Cptp/z

by the completeness of (Q, Lr(R2), F). (29) is proved.

Now, note that (X;, Y;),i = 1, 2, ..., are independent and identically distributed.
By (26) and Lemma 5, it is easily seen that (., 1.) satisfies (14) for ¢ € Cj,(RZ*+D),
Note that, by (29), the random variables concerned in (14) and (28) have finite
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moments of each order. The function space Cp (R2*+Dy and €, (R?) can be extended
o Cy Lip (R2*+Dy and € I,Lip (R?), respectively, by elemental arguments. So, (ii) and
(iii) are proved.

For (iv) and (v), we let ¢ : R? — R be a bounded Lipschitz function and consider

ux,y,t) =Flox+&,y+n)l.
It is sufficient to show that u is a viscosity solution of the PDE (13). In fact, due

to the uniqueness of the viscosity solution, we will have
Flp+&, v+ 101 =B [o0 +vie, y + )], 0 € Corip®),

Letting x = 0 and y = 0 yields (iv) and (v).
To verify PDE (13), first it is easily seen that

2 2
sX sy sX sy
~ | g [ O [nt] [nt]~ | g [nt] [nt] [nt]
]E — —_— = —]E — - _G 3 .
2 ( ﬁ) tp n n 2 [nt] TP [nt] n (p.4)

Jn n

Lemma 4, we conclude that

s5\° st
Note that %<M> + pM} is uniformly integrable by Lemma 8. By

S\ St

. L it it

IE‘[C—Iétz—i-pn,]: im B[ L(20) 4,20 G, ).
2 mj—00 2 /1 m;

It is obvious that if g1 < g2, then G(p,q1) — G(p,q2) < G(0,q1 — q2) <
0. Also, it is easy to verify that |u(x, y,t) — u(x,y,1)| < C(lx —X| + |y — Y,
lu(x,y,t) —u(x,y,s)| < Cs/|t — s| by the Lipschitz continuity of ¢, and

ulx,y, 1) =Flo&x +& +& — &,y +ns+n —ny)l
=F I:]F [QD(X +x+ El‘ - %.Sa y +y+ N — ns)] |(;’y):(§-s,ns)]
ZF[M(X‘ng,y‘f"?saf_s)], OSS St
Let (-, -,-) € C2’3’2(R, R, [0, 1]) be a smooth function with ¥ > u and
w(xv D) t) = M()C, y, t). Then,
OZF[M(JC"‘ES,)""%J_S)_“(x’yaf)] SF[W(X+~’§s7)’+77s7f—5)—1/’(x’y»f)]
[ 1
=F | 9 (x, . D8 + 500,90, v, DE + 90 (6, 3, Ong = 39 (x, v, s + 15]

1
SIF aXW(x! Y, I)ES + Eaixw(x’ D) t)ssz + ayl/’(x’ D) t)’ls - BIW()C’ Y, [)S:| +]F[|IY|]

1
=F Ea)%xw(x» ) t)‘i:sz + ayl/f(-xv ) f)’]s:| - 3z¢(x, ) t)S +F[|19|]

=sG @Y (x, y, 1), 3, ¥ (x, y, 1)) — 53y (x, y, 1) + FIIL ],

) Springer Open



Probability, Uncertainty and Quantitative Risk (2017) 2:4 Page 19 of 25

where

111 = € (16 F + Ing? +52).

By (29), we have F[|]] < C(s3/? + s> + s?) = o(s). It follows that [8, —
G0y, fo)](x, y,t) < 0. Thus, u is a viscosity subsolution of (13). Similarly, we
can prove that u is a viscosity supersolution of (13). Hence, (15) is proved.

As for (16), let ¢ : C[0,1] x C[0,1] — R be a continuous function with
lp(x, Y)| < Co(1 + [|x[I” + [[y]|9). For A > 4Co, let g5 (x, y) = (=1) V (@(x, y) A
A) € Cp(C[O0, 1]). It is easily seen that ¢(x,y) = @u(x,y) if |px, y)] < A If
lo(x, y)| > A, then

[0 =02, 0| = g e, W] = & = Coll + 1 + [y [9) = 2
+ +
=Col (Ix17 = 2/@C0)) " + (Iy17 = 2/Gco) "}

Hence,

00r, ) = 910 01 = Cof (IelP = /@) + (Il —2/¢4c0)” ).

It follows that

tim tim sup [£[¢ (W, ()) | = B[gx (W, ) ]|
A—>00 p—soo
+ +
o . sEI” . st
< lim limsupCyp {E | | max |—=| — — +E| | max | =] — —
A—>00 n—o00 k<n ﬁ 4C0 k<n | n 4C()

=0,
by Lemma 8. Further, by (15),

nli)rrolofE[cp,\ (W.())] =Elg. (B.,b)] - E[p (B, b)] as i — oo.

(16) is proved, and the proof of Theorem 4 is now completed.
O

Proof of Theorem 4. When X and Y are d-dimensional random vectors, the
tightness (24) of W, (-) also follows, because each sequence of the components of
vector W, (-) is tight. Also, (29) remains true, because each component has this
property. Moreover, it follows that

X X Y
1 N1 Simn Simn Sim 11
F|-(A = lim E|-(A—L, —— !
[2< St,Et>+(p,m>} i [2< NN +{p .

it
— fim M1

mj—00 m;

G(p, A) =1G(p, A).
The remaining proof is the same as that of Theorem 4. O
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Proof of the self-normalized FCLTs

Let Yy = X,%. The function G(p, q) in (12) becomes
N + -
G =E[(T+r)x1]=(3+p) - (53+7) ¢ pack

Then, the process (B;, by) in (15) and the process (W (t), (W),) are identically
distributed.
In fact, note

Witgs = (W) = (W(t+S)—W(t))2—2/OA (W(+x)=W(@)d(W (i +x)—W ().

It is easy to verify that (W(¢), (W);) satisfies (i)-(iv) for (B., b.). It remains to
show that (Bq, by) 4 (W(D), (W)1). Let {X,,;; n > 1} be a sequence of independent
and identically distributed random variables with X 4 W (1). Then, by Theorem 4,

n n 2
1 Xk 2o Xi\
(zk_l past k>%(31’b1).

Jn

Further, let 1, = % Then,

n X n_ X2 n
(Z"j/% £ Z"; ") £ (W(l), S W) - W(m)ﬂ) B w. (w.
k=1

Hence, (B., b.) 4 (W), (W).). We conclude the following proposition from
Theorem 4.

Proposition 1 Suppose IAE[(X]2 —Db)T] — 0as b — oo. Then, for any bounded
continuous function ¥ : C[0, 1] x C[0, 1] — R,

f [w (gx—fﬁ) Q)} —E[y(wo.w)].

where ‘7,1([) = Viug + (nt — [nt]) X2 and, in particular, for any bounded

[nt]+1”
continuous function ¥ : C[0, 1] x R - R,
. SX() ~
B [w( G 7)} — E[y(wo. ). (D)

Now, we begin the proof of Theorem 2. Leta = 02/2 and b = 252. According to
(30), we have V(02 —€ < (W) <> +¢) =l foralle > 0.Letp : C[0, 1] > R
be a bounded continuous function. Define
x(+)

U(x().y) =9 (m

), x() e C[0,1], y e R.
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Then, ¥ : C[0,1] x R — R is a bounded continuous function. Hence, by
Proposition 1,

& SX()/Vn %ﬁ[ ( W) )]_ﬁ[ ( W) )]
Y\ Vav Vm b \Vavam~s))” P\ )L

Also,
S o B O TIVZA Y IS Sy O/
ol il Rl a7 Y\Jav b

< ClimsupV (V,/n & (a, b))

n—o0

<cV (<W>1 > 332/2) + Y (<w>1 < 2g2/3> —0.

PE)- b )

The proof is now completed. O

It follows that

Proof of Theorem 3. First, note that
B3 A2] < B[XF A G0?] < B[XTAL2]+K2VAXI > 0, k2L,
E[X1I"Ax" ] <E[X1" A @Gx) ]+ E[60)" VX117 AxT]
<8 2" 2UGx) + X V(X1 = 8x), 0<8<1, r>2.
The condition (I) implies that /(x) is slowly varying as x — oo and
EIX 1" A X ] = o(x"21(x)), r > 2.
Further,

EX21{|1X1| < x}]

— 1,
I(x)

o
CoIl 10X = ) = [ VAXIF = p)dy = o031, 0 <r <2,
xr
If conditions (I) and (III) are satisfied, then
EL(X1] — )] < XX 11{1X] = x}] < Cy(IX1 {1 X1] = x}) = o(x~'1(x)).
Now, let d; = inf{x : x~2I(x) = t~'}. Then, ni(d,) = d,%. Similar to Theorem 2,

it is sufficient to show that for any bounded continuous function ¢ : C[0, 1] x
C[0,1] — R,
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o
= () Vn
D n )
Let Xj = Xpn = (—dp) vV Xx Ady, Sk = S5 Xi. Vi = Y5, X;. Denote

- - - — - —

Su() = Spar) + (11 — D) X pry41 and V(1) = Vg + (nt — [n11) X gy, Note

- I(dy)
V (Xx # Xy forsome k <n) <nV(|Xi|=dy)=n-o 7 = o(1).
n

)

~

>:| — IE[W(W(-), (W))] with W(1) ~ N(0, [r2, 1]).

S

It is sufficient to show that for any bounded continuous function ¥ : C[O0, 1] x
C[0,1] — R,

~ En . Vn : ™
i [1/, (% dé )ﬂ > E[y(W(E), (W))].

Following the line of the proof of Theorem 4, we need only to show that

(a) foranyO <t <1,

Lk
2
dn

p
k ] < Cpt”/z, limsupﬂ?l |:max

Z n— 00 k<[nt]

lim sup ) [ max

n— 00 k<[nt]

(b) foranyO <t <1,

— 2 —
. S Vv
lim & %(M) +p G, g),

where
q + 2 (4 -
o= (G ) - (G )
(p,q) 2+p r 2+p
(©)
| Xi| v
max — 0.
k<n dn

o~
In fact, (a) implies the tightness of (“q”d—p, %) and (29), and (b) implies the

distribution of the limit process is uniquely determined.
First, (c) is obvious, because

I(edy) I(dy)
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As for (a), by the Rosenthal-type inequality (18),

N K p/2
E |: max 2k
k<[nt] | dp

P
} < Cpdy” {[m]fE [1X117 A dl]+ ([nz]JE [|X1|2 A dﬁ])
o + B +\?
+ (I @l(=d) v Xy AdD* + (1) EL=d) v X1 A di) ")}
A N 2 N
< Cpdy” {[m]]E (1017 A df] + (1) [|X1|2 Ad,f])p/ + (1B X1 - dn)+])p}

p
< Cpdy” {[nr]o (a7 1)) + Ane @)y + ([m]o (l((;ﬁ)) }

p/2 p/2
— o(Dn l(;;;) + ([";it]) (nlc(i:21n)> +o(1) ([ ] I( n)) < Cptp/Z +o(1),

and similarly,

Vi

d2

e P e e R T
né

([t )« (2[5 0)|

=o(1)+C, ([nt] (d”)> < Cpt? +o(1).

n

Thus (a) follows.
As for (b), note

< 2 - - l-1g
q (S n Vinn _(g )V[m] gl Sk
2\ d, a2 2 dz a2 '
By (32),
[nt]—1 [nt]—1
]E|: Z SkIXk:| < Z B [Sk—1Xk]
k=1 k=1

-1
< Z [E [@k 1
k=1
[nt]—1

e
=2 (&[5er]) " & Laxi — ]

=0 ((d,%) 2) nIE: [(|X1| _dn)+]
=0(dy) -n-o (l(j")> =0 (d,f) ,

n

B[Se-07]E [}

and similarly,
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[nt1—1

Bl= 3 SiaXe|=o(d2).
k=1

Further,
E[Vi] _ nE[XFAd7] _ (il nid) _ [ni] Ny
d? d? n d? n
and
E [Vin] _ [n11€ [X3 A d2] _ [nr] E[X} A 2] R
dy dy n RB[x2Ad2)
Hence, we conclude that
i |4 (Sm 2+pM —I (gﬂa)M +o(l)
2\ dy d? 2 d? (32)
—¢ [(% + p>+ 2 (% + p>_] +o(l).
Thus, (b) is statisfied, and the proof is completed. O
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