Probability, Uncertainty and Quantitative Risk (2020) 5:2 Probability, Uncertainty

https://doi.org/10.1186/s41546-020-00044-z and Quantitative Risk

Moderate deviation for maximum likelihood ")

estimators from single server queues GCheok for
updates

Saroja Kumar Singh

Received: 26 February 2019 / Accepted: 28 February 2020 / Published online: 24 March 2020

© The Author(s). 2020 Open Access This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and reproduction in any
medium or format, as long as you give appropriate credit to the original author(s) and the source, provide
a link to the Creative Commons licence, and indicate if changes were made. The images or other third
party material in this article are included in the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included in the article’s Creative Commons
licence and your intended use is not permitted by statutory regulation or exceeds the permitted use, you
will need to obtain permission directly from the copyright holder. To view a copy of this licence, visit
http://creativecommons.org/licenses/by/4.0/.

Abstract Consider a single server queueing model which is observed over a contin-
uous time interval (0, T'], where T is determined by a suitable stopping rule. Let 6
be the unknown parameter for the arrival process and 67 be the maximum likelihood
estimator of 6. The main goal of this paper is to obtain a moderate deviation result of
the maximum likelihood estimator for the single server queueing model under certain
regular conditions.
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1 Introduction

Statistical analysis on queueing theory has come a long way in the past sixty years.
A key component for the estimation of queueing parameter is maximum likelihood
estimation. The problem of estimation of the unknown parameter using maximum
likelihood estimation has been discussed in the literature over the last several years.
The first theoretical treatment of the estimation problem was given by Clarke (1957),
who derived maximum likelihood estimates of arrival and service rates inan M /M /1
queueing system. Billingsley’s (1961) treatment of inference in Markov processes in
general and Wolff’s (1965) derivation of likelihood ratio tests and maximum likeli-
hood estimates for queues that can be modeled as birth and death processes are other
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significant advances in this area. The papers by Cox (1965) and Goyal and Harris
(1972) are worth mentioning. Since then. significant progress has occurred in adapt-
ing statistical procedures to various systems. Basawa and Prabhu (1981, 1988) and
Acharya (1999) studied the asymptotic inference for single server queues, proving
the consistency and asymptotic normality and finding the rate of convergence of max-
imum likelihood estimators in the queue G1/G/1, respectively. Recently, Acharya
and Singh (2019) studied the asymptotic properties of the maximum likelihood esti-
mator from single server queues using the martingale technique. Singh and Acharya
(2019) discussed the bound for the equivalence of the Bayes and maximum likelihood
estimator and also obtained the bound on the difference between the Bayes estimator
from their true values of arrival and service rate parameter in an M /M /1 queue.

There has been recent interest to study the rate of convergence of the maximum
likelihood estimator. Gao (2001) proved the results on moderate deviations for the
maximum likelihood estimator for the case of independent and identically distributed
observations and Xiao and Liu (2006) for the case of independent but not identi-
cally distributed observations. Miao and Chen (2010) gave a simpler proof to obtain
these results under weaker conditions using Gértner—Ellis theorem (cf. Dembo and
Zeitouni (1998), Theorem 2.3.6, page 44). Miao and Wang (2014) improved the result
in Miao and Chen (2010) by weakening the exponential integrability condition.

Our main aim in this paper is to study the problem of moderate deviations for the
maximum likelihood estimator for single server GI/G/1 queueing model. Section 2
discusses the model of our interest and some elements of the maximum likelihood
estimator. The main results are given in Section 3. In Section 4, we provide examples
to illustrate our results.

2 GI1/G/1 queueing model

Consider a single server queueing system in which the interarrival times {uy, k > 1}
and the service times {vg, k > 1} are two independent sequences of independent
and identically distributed nonnegative random variables with densities f(«; 8) and
g(v; @), respectively, where 6 and ¢ are unknown parameters. Let us assume that f
and g belong to the continuous exponential families given by

S 0) = ay(uexp{Ohi(u) — ki (6)}, ey
g(; @) = ar(v)exp{phz(v) — k2($)}- @)

and
fu;0) =gw:¢)=0 on (—00,0),

where @1 = {6 > 0: k1(0) < oo} and ©y = {¢p > 0 : ka(¢) < o0} are open
subsets of R. It is easy to see that, k{(6) = E(h(u)), 0’12 = o2(0) = k{(©) =
varg(h1(w)), ky(¢) = E(h2(v)), 07 = 03 (¢) = k3 ($) = vars(ha(v)), respectively,
the means and variances of the interarrival time and service time which are supposed
to be finite. Here, dashes denotes the derivative with respect to parameters.

For simplicity, we assume that the initial customer arrives at time t = 0. Our
sampling scheme is to observe the system over a continuous time interval [0, T'],
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where T is a suitable stopping time. The sample data consists of
{A(T), D(T), u1,uz,------ JUA(T), V1, V2, - - v - . UD()} 3)

where A(T) is the number of arrivals and D(T') is the number of departures during

(0, T']. Obviously, no arrivals occur during [Z;:({) uj, T] and no departures during

[y(T) + ZiD:(IT) Vi, T], where y (T') is the total idle period in (0, T'].
Some possible stopping rules to determine 7 are given below:

Rule 1. Observe the system until a fixed time ¢. Here, T = ¢ with probability one
and A(T) and D(T) are both random variables.

Rule 2. Observe the system until d departures have occurred so that D(7T) = d.
Here, T = y(T) + vy + v + - -+ + vg and A(T) are random variables.

Rule 3. Observe the system until m arrivals take place so that A(T) = m. Here,
T =uy+ur~+u3z~+---+u, and D(T) are random variables.

Rule 4. Stop at the nth transition epoch. Here, T, A(T) and D(T) are all random
variables and A(T') + D(T) = n.

Under rule 4, we stop either with an arrival or in a departure. If we stop with an arrival,
then ZIA:(IT) u; = T and no departures during [)/(T) + ZiD:(lT) v;, T]. Similarly, if

we stop in a departure, then y(T') + Zl.Dz(lT) v; = T and there are no arrivals during

A
I:Zi:({) Ui, T]'
The likelihood function based on data (3) is given by
A(T) D(T)

Lr©,¢) =[] f@i 0 [] swi.¢)
i=1 i=1
“)

A(T) D(T)
x | L= Fp[T = Y il | | 1= GylT —y(T) = Y vl |,

i=1 i=1

where F and G are distribution functions corresponding to the densities f and g,
respectively. The likelihood function L7 (6, ¢) remains valid under all the stopping
rules.

The approximate likelihood L% (6, ¢) is defined as

A(T) D(T)

L5©0.¢) =[] f@i.0) [] ei. 9. (5)
i=1 i=1

The maximum likelihood estimates obtained from (5) are asymptotically equivalent
to those obtained from (4) provided that the following two conditions are satisfied
for T — oo:

A(T)
9
(A(T))~ /2 sglog [ 1= Fy | T = > ui 20

i=1

and
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3 D(T)
(D(T))~ /2 @h)g 1—Gy [T —y() - ; u | | 2 o.
The implications of these conditions have been explained by Basawa and Prabhu
(1988). From (5), we have the log-likelihood function
L7 (0, ¢) =1ogL% (0, @) =Lr(u1, uz, ..., ua); 0) + €1 (vi, va, ..., Vp(T); @)
A(T) D(T) 6)

=Y L)+ Y Lz )
i=1 i=1

with
L(ui; 0) = log f(u;; 0) = logay (u;) + Ohy(u;) — k1(0)
and
L(vi; @) = logg(vi; ) = logaz(vi) + pha(vi) — ka(9).
Denote
ol JUD, ey ;0 ol i) 0
E(Tl)(ul,uz, wn AT 0) = T, U2, o UAT) ), eV 0) = dlog/ (wiz 6)
20 00
and
agT(vlal)Za"'av 9¢) dlo g(v;¢)
e (1, v, .y vpry; 9) = % PO T e Wy ) = ga—¢t‘
The maximum likelihood estimators éT = éT (i, uz,...,uam)) and qA&T =
qu(vl, V2, ..., Up(r)) of O and ¢ are given by
B A(T)
or =ni' [ (AT)™ D ) |, (7
i=1
B D(T)
¢r=n" | (DTN D ha(w) |, ®)
i=1

respectively, where 7, l(.) denotes the inverse functions of »;(.) fori = 1, 2 and

m©) = E(hi()) =k, ()
and /
m(@) = E(hy(v) = k().

Since £7(v1, v2, ..., p(T)), £(v;; @), and qST are of the same form as in the case
of 6, hereafter we will deal with only for the arrival process (for the parameter 6).
However, the same can be done for the departure process.

Let

Or =07y, un, .., uar) = inf{9 €0 E;‘l)(uls Uz, .., uAT); 0) < 0}
and

Or = 0r(uy, us, .., UA(T)) = Sup {9 €0 : K(Tl)(ul, uz, .., uar); 0) = 0} .
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Then,

Orur,u, .., uar)) < Or (uy, ua, .., uary) < O0r (i, uz, .., uar)

and, for every ¢ > 0,
Po®r 26 +e) = Py (60 (1 uz, o uni 0 +6) 2 0) < Py@r = 0+ 2)
and
Po@r <0 —e) = Py (6 r, 2, o uai 0 = £) <0) < Pa@y <6 —e).
We assume that the following conditions hold:
(C1) Foreachf € O, the derivatives

d'log f (u; 0)

E(i)(u;e) — 7

,i1=1,2,3

exist for all u € R.
(C2) For each 6 € O, there exists a neighbourhood N (6, §) of 6 for some § > 0
and non-negative measurable functions A; (u; ), i = 1, 2, 3 such that

sup/ A3 (u; 0) f (u; 0)dy < o0, i =1,2,3
ueRJIR
and

sup €D w: 0| < Ai(u:; 0), i =1,2,3.
6'eN(0,8)

(C3) Foreach 8 € O, the probability density function f(u; 6) has a finite Fisher
information, that is,

al :0)\?
0<1(0)=Eg dlog fw: )N _ o
20
forallu € R.

(C4) Foreach6 € O, there exists 4 = w(f) > 0and v = v(#) > 0 such that

sup d(x;0,¢) < o0,
(x,&)€[—p,pm]x[—v,v]

where
é(x; 0, ) = supEg [exp(xe“)(ul; 0+ s))] .
u
Under conditions (C1) — (C3), it can be easily seen that, foralli > 1,
Eg(¢"V(;:6)) =0 ©)
and

Eg(€@ (u;; 0)) = —Eg[(¢V (u;i; 0))*1 = —1(6). (10)
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3 Main results

In this section, we study the problem of moderate deviation, i.e., the rate of

convergence of the probability Py (A(T)léT — 0| > &), where
A(T)
VA(T)

Theorem 1 Let conditions (C1) to (C4) hold, then
2

AMT) 1 o0, J0 as T — oo.

timint™ 2 g P (M(T)(Or —0) > &) > Lo
Tooo A(T) 870 rev=8=" ’
lim inf ’ D 1ogP (M(T)(O7 — 6) < —¢) > _11(9)82
Tooo A(T) 877 =T ="9=73 ’
lim sup (1) logPy (A(T)(O —0) > 8) < —11(9)82
T—oo A(T) =T -T2 ’
and
: 2(T) - 1 )
lim sup log Py (A(T)(GT —0) < —8) < —=1(0)¢e".
T—o00 T) 2
Furthermore,
22(T) . 1 )
li Py (M(D)10r — =——1 )
Jim = log ) (MDW0r =61 < ¢) = =31 0)e

(11)

(12)

(13)

(14)

15)

Theorem 2 Let conditions (C1) to (C4) hold, then, for any closed subset F C O,

we have
A2(T) R 1
li —lP(,\Te—eeJ-‘)<——19‘f2,
ITHLS;pA(T) o8Py (A(T)(Or —60) =-3 (),32;“’
and, for any open subset G C ©,

2

lim inf
T—oo A(T)

log Py <A(T)(éT —6) e g) > —%I(O)Xiggw{

and, for any ¢ > 0,

. AT
lim

A 1 2
Jim s log Py (A(T)|9T —6 > e) = —510):.

To prove the above theorems, we need the following key lemma.

Lemma 1
lim Az(T)logpg ED Gty uzs a0+ ——) > 0) = Loy
T—o0 A(T) T MT) 2
and
AX(T) M & 1 5
li logPy | ¢ JUD, ., 10— ——)<0)=—=1()e".
Am AT og 9( Wy, ug, ., wAT A(T)) > 0)e
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Proof From Taylor’s expansion of £(u; 6) within the neighbourhood N (9, §), we
have

1
sup [¢0 iz ) = €0 w: 0) = (7 = )LD w3 0)| < 3y — ) As s 0).

UER
Hence, for any i > 1,
2

I
<
= 2)2(T)

‘z“) (u,-; 0+ L) — 0V 6) = 6P u;; 6) A3(ui; ).

MT) AMT)

Thus, by the condition (C2) and the Egs. (9) and (10), it follows that

D (e L Nlor [r00,. & e [,@. L
Eg[z <u,,9+A(T)>]_E9[£ (u,,@)]+A(T)E9[£ (u,,@)]+0(A(T)>

e 1
= ‘“”m“(rn)'

(21)
Therefore, it follows that
Py <K§~l) (ul, U, ..y UA(TYS 0+ _X(ST)) > 0)
A(T)
_ MT) W[, € >_ < W (e & >
=Py A(T)lgl:(ﬁ <u1’9+A(T) Egl? u,,@—i—)\(T)
A(T)
> —@ Eg <€(1) (ui;9+ © >>
A(T) P M(T)
A(T)
_p | MD W (. e \_ W (. €
= Py AT ; (z (u1,9+ A(T)) Eg <1z uiz 0+ D
>1(0)e+o(1) (using equation (21)).

We now compute the Cramér functional

. AT
lim
T—oo A(T)

logEy { exp
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for any x € R. Applying Taylor’s expansion, the condition (C4), and Egs. (9), (10),
(21) it follows that, for every i > 1, and for x € R,

X o €
ko {exp (A(T)E (“” o+ x(T)))}

4 (.. €
=t [Z <” ot A(T)ﬂ
x2 e 2 1
My, .. - S
T <[£ 0% A(T))} ) e (MT))

IR lee 16 L
=T (7 (@) = xel( )>+0(k2<T)>'

(22)

Thus, it follows that

logEgexp (% Z A (ul,; 0 + %)_ Z Ey <€(1) (Mi; 01 M&}))) )
i=1 iz

_ x D (e £
=log | Ep { exp )L(T)ZE <u“9+)\(T)

A(T)

e oo (555 (0 55|
X A(T) 0 e
+ _TT) 2 Eg <€ (ui;9+A(T)>>
S e oo s o058
= 6 P i N
pat M(T) M(T)
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1 x2 1
=A(T)log [1 +—— 20 ( 1(0) —st(@)) (W)]

1
(A(T)I(Q)/\Z(T) (V(T)))
=A(T)[ ! <—21(9)—XSI(9)) (Lﬂ (23)
A(T) AZ(T)
1
(A(T)I(G)Xz(T) (KZ(T)»
A(T)xl()+ (;)
AN 2 A2(T)

Thus, we get that

i 2D X W (- £
Tl_)moo AT) logEy { exp m ; [E (ul, 0+ ﬁ)

o) & _1® »
E9<£ (““HA(T)))]; B

Hence, by the Girtner-Ellis theorem (cf. Girtner (1977); Ellis (1984); Dembo and
Zeitouni (1998, Theorem 2.3.6, page 44), we prove the result in Eq. (19) of Lemma 1.
The result in Eq. (20) can be proved in similar manner. O

Proof of Theorem 1 Note that

Py (MT)(Or —6) =€) = Py (e‘T” (ul, U, ooy UA(TY; 6 + ﬁ) > o)

and

Py ()L(T)(QT —-0) < 8) > Py <Eg}) (u], U, .o, UA(T); 0 + _)\(T)> > O) .
Then, from Lemma 1, it is seen that the relation (11) and (13) hold. Using the similar
arguments, (12), (14), and (15) can be proved. O]

Proof of Theorem 2 For a fixed close subset /' C ® C R, define w; = inf{w >
0;w € F}and wp = sup{w < 0; w € F). Let I (w: 0) = 11(8)w?. Then,

2

tim sup (TT)) log Py (A(T)(ér —0) e ]-")
2
<lim sup A(T)) log (P@ (,\(T)(éT—e) < 0)2)+10ng (k(T)(éT —6) > w1)>

. 1 .
<max{—1I (w3, 0), —1 (w1, 0)} = —a}ngTI (w:0) = —El(e)wlggrw?
(24)
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Next, for a given open subset G C ® C R, for Vw € G, Ve > O such that (w — &, w +
&) C G, we have

Py (A(T)(éf —0)e g) > P, (a) e < MT)br —0) <+ e)

A(T)

+¢
=P e (w0 + 2
ap> @ MYED)

i=1

(25)

A(T)

50,2%”@,-;9#2&?)30

i=1

From Eq. (6), we have

A(T) A(T)

Sary = Y_ eV @ii0) =Y hiu) — ATk (6).

i=l i=1
Itis easy to see that the sequence {Sa(ry, A(T) > 1} is a square integrable martingale
with zero mean. Using the martingale central limit theorem (see Hall and Heyde
(1980)), we have
A(T)

1
S w0y = x| - 1- o)
i=1 ve

P\ 7am

for some yp > 0. Using similar arguments as in the Proof of Theorem 1, we have,
Vx > 0and Vn > 0,

lim inf Py (x(T)(éT _0)e g)
_ (26)
Zx%log(q’ (X(n+1(9)(w+8))>_q)<x(77+1(9)(w 8))))_

09 o

Now, letting n — O first, then x — oo, and finally ¢ — 0, we get
N 1

lim inf Py (,\(T)(QT —0) e g) >~ [(0)?,

T—o0 2
which completes the proof, since we have chosen an arbitrary w in G in the above
discussion. O
4 Examples
4.1 M/M/1 queue
Let us consider the simplest of the queueing models used in practice, that is, an

M /M /1 queue. The arrivals are assumed to occur in a Poisson process with rate 6 and
the service time distribution follows exponential distribution with mean 1/¢. Here,

fu,0) =0e % and g(v,p) = pe V.

) Springer Open



Probability, Uncertainty and Quantitative Risk (2020) 5:2 Page 11 of 13

The log-likelihood function becomes

A(T) D(T)
L7(0,¢) = A(T)logh — 6 Z ui + D(T)log ¢ — ¢ Z v;

i=1 i=1

and the maximum likelihood estimators are

~1 ~1
T, [eRn, )
= | == = | == 7
or |: AT) , ¢r D) . (27)

For this example, the logarithm of interarrival density function is £(u;; 0) = logf —
Qu;, and the first three derivatives are £ (u;; 0) = é —ui, LD Ww;; 0) = —Qiz, and
3 w;:0) = 0%. It is easy to see that conditions (C1) to (C4) hold. Hence, the
results of Section 3 hold for éT, the maximum likelihood estimator of 6 with the
Fisher information 7 (0) = 9%.

4.2 E;/M/1 queue

Here, we consider the E;/M /1 queueing model. The interarrival and service time
densities are

0(0u)k—1o—0u
f(u,9>=% and  g(v.§) = pe ",
The log-likelihood function is
A(T) A(T)

e7 (0, ¢) = kA(T)log 6 + (k — 1) Z logu; — 6 Z uj — A(T)log[(k — D]
i=1 i=1
D(T)

+D(Dlogp —¢ > v;

i=1
and the maximum likelihood estimators are
A(T) -1 D(T) -1
7 POETRLIY R S Pl (28)
’ D(T) '
The logarithm of interarrival density function is

€(u;; 0) = klog 6 + (k — Dlogu; — 0u; — log[(k — D)1].

So, tVw;0) = & —u Pz 0) = —0%, (D 0) = 3—’3‘ and the
Fisher information 1(0) = 9%. One can easily find that conditions (C1) to

(C4) hold. Hence, the results of Section 3 hold for éT, the maximum likelihood
estimator of 6.
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