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Abstract In this paper, we consider the mixed optimal control of a linear stochastic
system with a quadratic cost functional, with two controllers—one can choose only
deterministic time functions, called the deterministic controller, while the other can
choose adapted random processes, called the random controller. The optimal control
is shown to exist under suitable assumptions. The optimal control is characterized via
a system of fully coupled forward-backward stochastic differential equations (FBS-
DEs) of mean-field type. We solve the FBSDEs via solutions of two (but decoupled)
Riccati equations, and give the respective optimal feedback law for both determin-
istic and random controllers, using solutions of both Riccati equations. The optimal
state satisfies a linear stochastic differential equation (SDE) of mean-field type. Both
the singular and infinite time-horizonal cases are also addressed.
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1 Introduction and formulation of the problem

Let T > 0 be given and fixed. Denote by S" the totality of n x n symmetric matrices,
and by S| its subset of all # x n nonnegative matrices. We mean by an n x n matrix

Ying Hu
Univ Rennes, CNRS, IRMAR - UMR 6625, 35000 Rennes, France

Shanjian Tang (P<)

Department of Finance and Control Sciences, School of Mathematical Sciences, Fudan University,
Shanghai, 200433 China

e-mail: sjtang @fudan.edu.cn

) Springer Open


http://crossmark.crossref.org/dialog/?doi=10.1186/s41546-018-0035-x&domain=pdf
http://orcid.org/0000-0003-3884-042X
http://creativecommons.org/licenses/by/4.0/
mailto:sjtang@fudan.edu.cn

Page 2 of 15 Hu and Tang

§ > Othat S € S| and by a matrix S > 0 that S is positive definite. For a matrix-
valued function R : [0, T] — S”, we mean by R > 0 that R(¢) is uniformly positive,
i.e. there is a positive real number « such that R(¢#) > « forany ¢ € [0, T'].

In this paper, we consider the following linear controlled stochastic differential
equation (SDE)

dX, = [AX,+ Blul+ B2l ds M)

d
+ o [cix + DYl + DY awl, s =00 Xo=x,
j=1

with the following quadratic cost functional

J(u)é2 /T[(QSXX,XS)+<RY u!, S>+<R€2u%,u >]ds+ “E[GXr, X7)].
2)

Here, (W)o<i<r = (WL -+, W), _ _ is a d-dimensional Brownian motion on
a probability space (2, 7, P). Denote by (F;) the augmented natural filtration gen-
erated by (W;). A, B 1 B2 CJ, DY and D? are all bounded Borel measurable
functions from [0, T] to R™*# Rrxh Raxk Rexn Rexli gpd RAx2, respectively.
Q, R', and R? are nonnegative definite, and they are all essentially bounded mea-
surable functions on [0, 7] with values in ", §'t, and S, respectively. In the first
four sections, R! and R? are further assumed to be positive definite. G € S" is
positive semi-definite. A control u = (ul u2) is a process u € L3 (0 T; R“‘"lz)
and X* € L F(Q; C(0, T; R")) is the corresponding state process W1th initial value
xo € R,

We will use the following notations. Let [ > 0 be an integer. For a given o -field
G Cc F, ng (€2 R!) is the set of random variables £ : (2,G) — (R, B(R))
with E[|€[*] < +oo. Ly (€2 R!) is the set of essentially bounded random vari-
ables £ : (2,G) — (Rl, B(Rl)). L%_- (t, T; Rl) is the set of {Fs}se[s,71-adapted
R-valued processes f = {f; : t < s < T} such that E [ftT | fsI? ds] <

oo, and denoted by L2 (t, T; Rl) if the underlying filtration is the trivial one.
Lf;_-o (t, T: R ) is the set of essentially bounded {F;}s¢[;,71-adapted R!-valued pro-
cesses. LZ}- (9; C (¢, T; R')) is the set of continuous {F; }se[r, 71-adapted R'-valued
processes f = {fs:t <s < T} such that E [supse[tj] |fs|2] < o00. All vectors
used in this paper are column vectors. For a matrix M, M’ is its transpose, and

M| =/ ijm 1s the Frobenius norm. For a vector- or matrix-valued function K

defined on the tlme interval [0, T'] and differentiable at time ¢ € [0, T, K ; or K (1)
stands for the derivative at time . Define

B=(8'8).0= (0 07) Rimaing (R R). wi= (o) ())
3

and for a matrix K with suitable dimensions and (¢, x, u) € [0, T] x R" x Rith,
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d d
(Cox + DaydW, = 3 (¢lx + Dul + DY) aw}s k=) (cf)
j=1 j=1
d N\ /7 . d N\ 7 . d
D/KD, :=Z(D{) KD],C/KD, :=Z(c,f) KD/ CIKC, = (c,f) KC.
j=1 j=1 j=1

If both u! and L_t2 are adapted to the natural filtration of the underlying Brownian
motion W (i. e., u' € Ua’d = L%: (O, T; Rll’) fori = 1, 2), it is well-known that the
optimal control exists and can be synthesized into the following feedback of the state:

— (R, + D/K,D;)”" (K:B, + C,K,;D;) X;, €[0Tl )
Here K solves the following Riccati differential equation:

Ky + ALK + Ky As + CLK Cs + QO

— (KB + C.K,Dy) (R + D.K;Dy)~" (KyBy + C.K,D;)’ )
—0,5€[0,T]; Kr =G.

See Wonham (1968), Haussmann (1971), Bismut (1976, 1977), Peng (1992), and
Tang (2003) for more details on the general Riccati equation arising from linear
quadratic optimal stochastic control with both state- and control-dependent noises
and deterministic coefficients.

In this paper, we consider the following situation: there are two controllers called
the deterministic controller and the random controller: the former can impose a deter-
ministic action u' only, i.e., u' € Ul; = L? (0, T; R't); while the latter can impose
a random action u?, more precisely u’ € Uy Z o= L2 (O, T; Rlz). Firstly, we apply
the conventional variational technique to characterlze the optimal control via a sys-
tem of fully coupled forward-backward stochastic differential equations (FBSDEs) of
mean-field type. Then we give the solution of the FBSDEs with two (but decoupled)
Riccati equations, and derive the respective optimal feedback law for both determin-
istic and random controllers, using solutions of both Riccati equations. Existence and
uniqueness is given to both Riccati equations. The optimal state is shown to satisfy
a linear stochastic differential equation (SDE) of mean-field type. Both the singular
and infinite time-horizonal cases are also addressed.

The rest of the paper is organized as follows. In Section 2, we give the necessary
and sufficient condition of the mixed optimal controls via a system of FBSDEs. In
Section 3, we synthesize the mixed optimal control into linear closed forms of the
optimal state. We derive two (but decoupled) Riccati equations, and study their solv-
ability. We state our main result. In Section 4, we address some particular cases. In
Section 5, we discuss singular linear quadratic control cases. Finally in Section 6, we
discuss the infinite time-horizonal case.
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2 Necessary and sufficient condition of mixed optimal controls

The following necessary and sufficient condition can be proved in a straightforward
way.

Theorem 1 Assume that u* is an optimal control, and X* is the corresponding
solution. Then there is a unique pair of processes (p(-), k= (k/ ('))j:],...,d)) €
L%_- O, T; R") x (Lé- 0, T; R”))d (hereafter called the adjoint processes) satisfying
the BSDE (6):

dp(s) = —[Ap(s) + Cik(s) + Qs X}] ds + k' (s)dW;, s €[0,T], ©)
p(T) = GX7;
and the following optimality conditions hold true:
IE|:<BS1)/p(s)+( ) k(s) + Rlu 1*] —0, %
(Bf)lp(s)+( ) k(s) + R2u>* = 0. )

These optimality conditions are also sufficient for (X*, u™) to be an optimal pair.

Proof It is obvious that BSDE (6) has a unique solution (p(-),k(:)) €
L% (0, T; R") x (L% (0, T; RM)”.

Using the convex perturbation, we obtain in a straightforward way the necessary
conditions of the optimal control u*:

T N/ . . )
E/ <(B;) p(s)+( ) k(s) + Riu'*, ;>ds =0, Vu'eUl; i=12.
0

©)
Clearly, the preceding conditions are equivalent to (7) and (8). The sufficiency can
be proved in a standard way. O

3 Synthesis of the mixed optimal control
3.1 Ansatz

Let u be a control, X be the corresponding state process, and (p, k) the unique
solution to (6) such that both (7) and (8) are satisfied. Define

X:=E[X], X:=X-X; ﬁ::E[uz], 2 o=u? -2 (10)
We expect a feedback of the following form

p(s) = PI()X; + Pa(s)X; (11)
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for some n x n matrix-valued absolutely continuous functions P;(-) and P> (-) defined
on the time interval [0, T']. Applying Ito’s formula, we have

dp(s) = Pr(s)Xds + Pr(s) [ AR, + B2 | ds
+P1(S) [Cst+Dsus]dWs (12)
+ Py(s)Xods + Pa(s) [AXX_X + Bl + Bfu_g] ds.

Hence
k(s) = Pi(s) (Cs X; + Dsuty) . (13)
Define fori =1, 2,
Ai(S) =R + (D) SD', Ses (14)
A(S) == A1(S) — (D) SD2A;'(S) (D?) SD', Ses (15)
and
o= (82) .+ (p?) PiC. (16)

Plugging Eqgs. (11) and (13) into the optimality conditions (7) and (8):
(le>/ Py(s)X, + (DS‘>/ Pi(s) (CX; + Dlul + DAZ) + Rlu} =0, (17)
(Bsz)/ [P ()X + Py(s)Xs]
+ (Df)/ Pi(s) [Cs (X5 + X;) + Dlul + Dfuf] +R22 =0. (18)
From the last equality, we have
W2 = —A7N(P) [@1)?+®2Y+ (D2>/P1D1u1} (19)
and consequently
2= —A7\(P) [®2Y+ (D2>/P1Dlul]. (20)
In view of (17), we have
(B!) X, + (D)) POICXS
+ (Ds1>/ Py(s)D2uZ + Ay (Py(s))u! = 0 1)
and therefore,
A (P ul + (B) Po)Xs + (D) PUOICT,

_ (D;)/ Pi(s)D2AS " (Py) |:®2(S)X_S + (Df)/ Py (s)D;u;] -0 (22

) Springer Open
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or equivalently

|:A1 (P)) — <D1>/ PLD?AS' (P1) <D2>/ PlDl] !

- [(B1>/ Py + (D1>/ PC — (Dl)/ P1D2A2](P1)®2} X,. (23)
We have
u' =M1Y, u2=M2§+M37 (24)
where
M o= [Al(Pl) — (DY PiD2AS ' (Py) (D?) PlDl]_l
x [(Bl)/ P, +(D') PiC — (DY) P D?A;! (P1)®2] : (25)
M? = —-A; (PO, (26)
M3 = —Az_l(Pl)[®2+(DZ)/PlDlMl]‘ 27

In view of (12) and (6), we have

dp(s) = PiXds + Py [AX + B>M?X]ds + K'dW, (28)
+P,Xds + P,[AX + B'M'X + B?M3X] ds
= —[A, (PI)X; + Pr)X;) + (05 + CLPI(9)Cs) (X + X;)  (29)
+C,Pi(s) [D!MIX, + D2 (M2X, + M3X,)]} ds
+K (5)d Ws.

We expect the following system for (P, P>):

Py + PIA+ AP +C'PIC+Q
— (P1B*+C'P\D*) A;'(P) (P1B> + C'P1D?) =0, (30)
P(T)=G

and

P+ PbA+A'P,+C'PIC+Q+C'PD'M" +C' P D*M?
+P,B'M' + P,B*M? =0, Py(T) =G. (31)

The last equation can be rewritten into the following one:
Py + PA(P) + A'(P)P2+ Q(P) = PN(PDP2 =0, P(T)=G  (32)

) Springer Open
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where for § € §7,
Us) =5 - sD*A;' ) (D) s,
O(S) := Q + C'US)C — C'US)D'A-(S) (Dl)/ U(S)C,
AS) = A B2A;'(5) <D2>/ sc

~|B' = B3 1) (0?) 5D [2s) (D) wes)C,

N(S) = B2A;'(5) (B2)

/ T .- / /
+|B' = B2A5'(S) (DZ) sD'|A-1(S) |:Bl — B2AS(S) <D2) SDI} .
We have the following representation for M' and M2:
1 -1 1Y 1 1) 1a—1 2\
M' = AP (B ) P+ (DY U(P)C — (D ) P\D'AS'(P)) (B ) Pz]
/ /
M3 = —A7N(P) (BQ) Py + (DZ) P.C
o~ / /
— (D' P D'AN(P)) [(B‘) P+ (D‘) U(P)C
/ i
- (D‘) PiD'ASY(P)) (Bz) P2“ .
(33)
Lemma 1 For S € S|, we have @(S) > 0.
Proof First, we show that U (S) > 0. In fact, we have (setting l/)\2 =Sl 2D2)
o~ —\ ) —~ -1 —_—/
U(s) =S5 — 5122 |:R2 +(p2) p2| (D?) 52
>S§— 85121812 = 0. (34)
Here we have used the following well-known matrix inequality:
DR+ D'FD)"'D < F~! (35)

for D € R"*™ and positive matrices F € S" and R € S™.
Using again the inequality (35), we have (setting D! = [U(S)]I/ZDI)

0(8) = 0+ C'U®)C »
— C'U©S)D' |:Rl+(Dl>/SD1 —(D1>/ SD2A21(8)<D2)’SD1] (Dl)’U(S)C
/ -1 /
— 0+ CUGS)C —CUBS)D! [Rl n (Dl) U(S)Dl] (Dl) U(s)C
o~ e~~~ -1 —_—
= 0+C'UEC-CU®)2D R+ (D) Dl} (p1) wsn'2e
0+ C'US)C —C'IUSN?IUS?*C > 0. (36)

v

The proof is complete. O
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3.2 Existence and uniqueness of optimal control

Theorem 2 Assume that R > 0 and R? > 0. Then, there is a unique optimal
control u*, and Riccati Egs. (30) and (32) have unique nonnegative solutions Py and
P>. The optimal control u™ = (ul*, uz*) has the following feedback form:

W= MIXE, W2 = M2X 4+ MPXT = MPX + <M3 — MZ) X 3
where X* is the state process corresponding to the optimal control u™, X_,* =E [X ;‘]
and X} = X} — X_;“ fort € [0, T]. The optimal feedback system is given by

X, =xo+ [y [(A+ B*M?) X, + (B'M' — B*M? + B?M>) X,] ds
+ o [(C+D*M?) X, +(D'M'—D*>M? + D*M3) X, ] dW,, t>0.(38)
It is a mean-field stochastic differential equation. The expected optimal state X_,* is
governed by the following ordinary differential equation:

t
Yt=x0+/ (A+BIM1+32M3)stS, 1> 0; (39)
0

and )?3‘ is governed by the following stochastic differential equation:
~ t ~
X, = / (A n BZMZ) X, ds
0

t
+/ [(c+D2M?) %, + (c+ D'M! + D2M?) X, | aW,, 120,
0
(40)
The optimal value is given by

JW*) = (P2(0)xo, x0) - (41)

Proof Since R' and R? are uniformly positive, the cost functional J (u) is strictly
convex in u and thus has a unique minimizer. Therefore, we have a unique optimal
control. Define

W= MY W= X MR, = (07 42)
and
pi= PIX*+ P,X*, k:= P (CX*+ Du*). 43)

We can check that the pair (p, B is an adapted solution to BSDE (6), and (i, p, E
satisfies the optimality condition. Hence, # is the optimal control u*.

The formula (41) is derived from computation of ( Ds, X ;‘) with the It6’s formula.
All other assertions are obvious. O

Remark 1 The uniqueness of solution to the mean-field FBSDE (consisting of the
four Egs. (1) with (X, u) = (X*, u*) and (6)-(8)) can be obtained from uniqueness
of optimal controls. In fact, as u* is unique, the corresponding state process X* is
unique, and thus the solution (p, k) to the adjoint equation is unique.

) Springer Open
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It can also be proved in a direct way. In fact, if (X,u, p,k) is an alternative
solution to the FBSDE and satisfies the optimality condition, then by setting

8p:=p— (PiX + P,X), 8k:=k— Pi(CX + Du),

and by putting - .
p=906p+ P X+ PX, k=6k+ Pi(CX+ Du)

into (7) and (8), we have pr = 0 and the following two equalities
1y v 1Y 11
E {(B ) (6p+PIX+P.X) + (D) [8k + PI(CX + Du)] + R'u } =0, (44)

’ ~ o ’
(32) (6p + PIX + P,X) + (1)2) 8k + P{(CX + Du)) + R2u® = 0.(45)
Therefore, we have
N !’ /I ___ J—
2= —A3(Py) [(32) 5p + (D2> 3k + @)X + DéPlDlul*] . (46)

In view of (44) and (45), we have o . .
u' = L'Sp + L*k + M'X (47)

and _ _ ~ _
u? = L38p + L4k + L 8p + L%k + M>X + M>X

L= A"l [(Bl)/ - (Dl)/ P\D?AS'(P)) (B2>/} ,

where

L6 = —A;'(P)) (D2 P D'L2.
Define a new function f as follows:
f(s,p,k, P,K)
:= [A, + Pi(s)B?L} + C,P\(s)D?L] p + [C| + Pi(s)BZL* + C'Py(s)D?L}] k
+[C;Pi(s)DIL! + Pr(s)BIL! + P>(s)BZL3 — Pi(s)BZL3 + P>(s)BZL]
+ C,Pi(s)D?L| P + [C{Pi(s)D! L2 + Ps(s)B}L? + P,(s)BZL{} — Pi(s)B>L}
+ Py(s)B?LS + C; P (s)D?L] K.
Then (8p, 5k) satisfies the following linear homogeneous BSDE of mean-field type:
déps = — f (5. 8ps, Sk, 8py, Sks) ds + Sks dWs,  Spr = 0. (48)

In view of (Buckdahn et al. (2009), Theorem 3.1), it admits a unique solution
(8p, 8k) = (0, 0). Therefore, X = X* and u = u*.

) Springer Open



Page 10 of 15 Hu and Tang

4 Particular cases
4.1 The classical optimal stochastic LQ case: B! = 0 and D! = 0.

In this case, let P; be the unique nonnegative solution to Riccati Eq. (30). Then,
P is also the solution of Riccati Eq. (32), and the optimal control reduces to the
conventional feedback form.

4.2 The deterministic control of linear stochastic system with quadratic cost:
B?>=0and D> =0.

In this case, B = B! and D = D!, and Riccati Eq. (30) takes the following form (we
write R = R! for simplifying exposition):
Pi+PIA+ AP +C'PC+Q=0, P(T)=G,
which is a linear Liapunov equation. Riccati Eq. (32) takes the following form:
Py+ PyA+A'Py+0—PB (R+D'PD) ' BP,=0, PAT)=G

with
A:=A-B(R+D'PD) ' DPC
and
0:=0+CPC—-CPD(R+DPD)" DPC.
The optimal control takes the following feedback form:

u*=—(R+D'PD)"' (BP,+ D'P,C) X*.

5 Some solvable singular cases
In this section, we study the possibility of R' = 0 or R?> = 0. We have

Theorem 3 Assume that R' > 0 and
I
R2 >0, (1)2) D*>0, G>O0. (49)

Then Riccati Egs. (30) and (32) have unique nonnegative solutions Py > 0 and P»,
respectively. The optimal control is unique and has the following feedback form:

W= MXE, u? = MK + MY = M2X* (M3 — M2) X5 (50)

The optimal feedback system and the optimal value take identical forms to those of
Theorem 2.

Proof In view of the conditions (49), the existence and uniqueness of solution
P1 > 0 to Riccati Eq. (30) can be found in Kohlmann and Tang (2003), and those
of solution P, > 0 to Riccati Egs. (30) comes from the fact that A(P;) > 0 as a
consequence of the condition that R! > 0.

Other assertions can be proved in an identical manner as Theorem 2. O

) Springer Open
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Theorem 4 Assume that RZ > 0 and
I
R' >0, (D1> p'>0  G>o. (51)

Then Riccati Egs. (30) and (32) have unique nonnegative solutions Py > 0 and P»,
respectively. The optimal control is unique and has the following feedback form:

W= MIXE, u? = MK + MY = M2XF (M3 — M2) X (52)

The optimal feedback system and the optimal value take identical forms to those of
Theorem 2.

Proof The existence and uniqueness of solution P to Riccati Egs. (30) are well-
known. In view of the condition G > 0, we have P; > 0. We now prove those of
solution P> > 0 to Riccati Eq. (30).

In view of the well-known matrix inverse formula:

<A+BD’1C)_1 —A'—AlB (D+CA’1B)_1CA’1 (53)

for B € R"™ "™ C e R™*" and invertible matrices A € R"*" D € R™*™ guch that
A+ BD™'C and D + CA~'B are invertible, we have the following identity:

A(P) =R'+ (D) {Pl — P\D?[R? 4 (D?) PlDz]_l (D2 Pl} D!
=R'+ (D) [P+ D? (R (Dz)/]il D', (54)

Noting the condition (Dl)/ D! > 0, we have A(P}) > 0.
Other assertions can be proved in an identical manner as Theorem 2. O

6 The infinite time-horizontal case

In this section, we consider the time-invariant situation of all the coefficients
A, B, C, D, Q and R in the linear controlled stochastic differential equation (SDE)

dX, = |AX, + B'u} + B2 | ds + [ CX, + Dlul + D2 [ Wi, 1 > 0; Xo = xo,
(55
and the quadratic cost functional

Jw) 2 %n«: fooo [0, X, + (Rl ul) + (R, u2)] ds (56)

/
for (u', u?) € L? (0, co; R1) x E%C (0, o0; R™2) and u := ((ul)/, (uz),) .
The admissible class of controls for the deterministic controller u' is
L? (0, o0; R!1) and for the random controller u? is E%_- (0, oo; R2). For simplicity of
subsequent exposition, we assume that Q > 0.

1
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Page 12 of 15 Hu and Tang

Assumption 1 There is K € R2*" such that the unique solution X to the following
linear matrix stochastic differential equation

dX, = (A n B2K) X, ds + (C n D2K> X, dWs, (>0, Xo=1, (57)

lies in L%_-(O, 00; R"™ ™), That is, our linear control system (55) is stabilizable using
only control u?.

Remark 2 By applying It0’s formula to |X|* and taking the expectation, it is
straightforward to see that if there exists K € R2*" such that

/ !/
(A + B2K> + (A + B2K> + (C + DZK) (c +D*K) <0,
then Assumption 1 is satisfied. In particular, if
A+ A +C'C <0,

then Assumption 1 is satisfied.
We have

Lemma 2 Assume that Q > 0 and Assumption 1 and either of the following three
sets of conditions hold true:

(i) R' > 0 and R> > 0; (ii) R' > 0, R > 0, (D?)' D? > 0, and G > 0; and (iii)
R >0, (Dl)/D1 >0,R>>0,and G > 0.

Then, Algebraic Riccati equation

PIA+A'PL+C'PIC+Q
—(PB2+C'PD*) A, (P) (P1B> +C'PD?) =0 (58)
has a unique positive solution Pi, and Algebraic Riccati equation
PyA(P) + A'(P)Py+ Q(P1) — PN (P)P, =0 (59)
has a positive solution Py. Here for S € S,
U(S) =8—SD*A;'(S)(D?)'s;
0(S) = Q+C'UW)C—CUS)D'A(S) (DY) UBS)C;
AS) =A-B>A;(S)(D?) sC
~[B' - B2A3'(5) (D) D' A-1($) (D) U(S)C;
N(S) = B*A;'(S) (B?)

/

+[ B = B2A5' ) (D?) s A1 (s) [ B! - B2A3'($) (D?) sD']

Proof Existence and uniqueness of positive solution P; to Algebraic Riccati
Eq. (58) is well-known, and is referred to (Wu and Zhou (2001), Theorem 7.1,
page 573). Now we prove the existence of positive solution to Algebraic Riccati
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Eq. (59). We use approximation method by considering finite time-horizontal Riccati
equations.

For any T > 0, let PlT and P2T be unique solutions to Riccati Egs. (30) and (32),
with G = 0. It is well-known that PIT converges to the constant matrix P; as T — oo.
We now show the convergence of P2T . Firstly, P2T () is nondecreasing in T for any
t > 0 due to the following representation formula: for (¢, x) € [0, T] x R",

1 T

inf B[00 X0+ (Rludud) + (R3] s
wlel?(,T:R) 2 t

u2€£§_-(t,T;R’2)

<P2T(t)x, x> =

(60)
whose proof is identical to that of the formula (41). From Assumption 1, it is straight-
forward to show that there is C; > 0 such that |P2T (t)] < C;. Then PZT (t) converges
to P(t) as T — oo. Furthermore, since all the coefficients are time-invariant and
(PIT(T), P2T(T)) = 0 forany T > 0, we have

(Pl a+9. P a+9) = (Pl 0. Pl ). 6

Taking the limit 7 — oo yields that P>(¢ 4+ s) = P»(¢). Therefore, P, is a constant
matrix.

Taking the limit 7 — oo in the integral form of Riccati Eq. (32), we show that P,
solves Algebraic Riccati Eq. (59).

Finally, in view of Q > 0, we have P, (0) > 0. Hence P> > P, (0) > 0. O

Theorem 5 Let Assumption 1 be satisfied. Assume that Q > 0 and either of the
following three sets of conditions holds true:

(i) R' > 0and R* > 0; (ii) R' > 0, R > 0, (D*'D? > 0, and G > 0; and (iii)
R >0, (Dl)/D1 >0,R>>0,and G > 0.

Let P1 be the unique positive solution to algebraic Eq. (58), and P> a posi-
tive solution to the algebraic Eq. (59). Let (u*, X*) be an optimal pair with u* =

/!
((ul*)/ , (u2*)/) . Then the optimal control is unique and has the following feedback

form:
W= MIXE, u® = MPXF + MY = M2X* (M3 — MZ)F (62)

where X_;‘ =K [X;“] and 5(? = X; — X_;"fort > 0. The optimal feedback system is
given by
X, =xo+ [y [(A+B°M?) X, + (B'M' — B?M? + B>M3) X, ] ds
+ Jo [(C+D>M?) X;+(D'M'—D>M?>+ D*M3) X, | dW,, t>0. (63)

It is a mean-field stochastic differential equation. The expected optimal state X_,* is
governed by the following ordinary differential equation:

t
Y,=x0+f (A+BIM1+BZM3)sts, t>0; (64)
0
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and )?E‘ is governed by the following stochastic differential equation:
X, = [ (A+ B>M?) X, ds
+ o [(C+ D*M?) Xs + (C + D'M' + D2M?) X dW,, 1>0. (65)
The optimal value is given by
J (u*) = (P2 x0, x0), (66)

which implies the uniqueness of the positive solution to Algebraic Riccati Eq. (59).

Proof The uniqueness of the optimal control is an immediate consequence of the
strict convexity of the cost functional in both control variables u! and u?. We now
show that u* is optimal.

Note that the constant positive matrix P> solves the Riccati differential Eq. (32)
with G := P,. Define for T > 0, (ul, uz) e L? (O, T; Rll) X ,C%_- ((), T; Rl2), and
u = (ul, uz),

1 T
JT(w) = EE/O [(st, X,) + <R1u§, u§> + <R2u§, u2>] ds.
For any admissible pair (u L uz), from Theorem 2, we have

E(P, X4, X4)+ I (u) > (P2 x0, x0).

Therefore, letting T — oo, we have J (u) > (Pz_xo, X0).
On the other hand, define p; := P1 X¥ + P, X} for s > 0. Using Itd’s formula to
compute the inner product (p, X*), we have

E[(PXG + BXT, X5)] + 07 (o) = (Paxo, %), YT >0, (67
Since
E [(Pl)?j; + PXE, XT>] —E [(Pl)?k , 55;)] +E [(PZF, Y;)] > 0.

we have J7 (u*|j0,7]) < (P2x0, xo) for any T > 0, and thus X* is stable and u* is
admissible.
Passing to the limit 7 — oo in (67), we have
J (u*) = (P x0, X0) - (68)

The proof is complete. O
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