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Abstract We consider the problem of approximation of the solution of the backward
stochastic differential equations in Markovian case. We suppose that the forward
equation depends on some unknown finite-dimensional parameter. This approxi-
mation is based on the solution of the partial differential equations and multi-step
estimator-processes of the unknown parameter. As the model of observations of the
forward equation we take a diffusion process with small volatility. First we establish
a lower bound on the errors of all approximations and then we propose an approx-
imation which is asymptotically efficient in the sense of this bound. The obtained
results are illustrated on the example of the Black and Scholes model.
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Introduction

We consider the problem of approximation of the solution of the backward stochastic
differential equation (BSDE) in the so-called Markovian case. Let us recall some
basics of BSDEs. We are given a stochastic differential equation (called forward)

dX, =S, X)) dt +o(t, X;) dW;, Xog=1x9, 0<t<T,
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where S (¢, x) is the drift coefficient, o (t,)c)2 is the diffusion coefficient, and
W;,0 < t < T is a standard Wiener process. In addition, we have two func-
tions f (t,x,y,z) and ®(x) and we must construct such couple of processes
(Y;, Z;,0 <t < T) that the solution of the equation

Y, = —ft, X, Yy, Z) dt + Z, AWy, Yy, 01t <T,

(called backward) has the final value Y7 = ® (X7). Such BSDEs were first intro-
duced by Bismut in 1973 (Bismut 1973) in the linear case and the general theory
was developed by Pardoux and Peng (1990) (Pardoux and Peng 1990). The Marko-
vian case considered in this work was studied by Pardoux and Peng (Pardoux and
Peng 1992), see Section 4 in El Karoui et al. (1997) as well. This model is also called
forward-backward stochastic differential equation (FBSDE) (El Karoui et al. 1997).

The construction of the backward equation is realized as follows. Suppose that
u (t, x) satisfies the parabolic partial differential equation

Jat 0x

with the final condition u (T, x) = ®(x). Letus let Y, = u(¢t, X;), and Z;, =
o (t, X;)u, (t, X;). Then, by It6’s formula

du 5 3%u ( 814)
—+S(t x)—+ o(t x) —:—f t,x,u,a(t,x) —

du du 1 5 3%u
day; = E(t,Xz)+S(t,Xz)a(t,Xt)+Ea(t,x) @(t,Xr) dr

+o (t, Xt) (l X;) dW;
:_f(t,Xt,Yt,Zt) dt+thWt, YOZM(O,XO), OSIST

The final value Y7 = u (T, X7) = ® (X7). Therefore, if we have the solution
u (t, x), then we immediately obtain the BSDE.

We are interested by the problem of approximation of (¥, Z;,0 <t < T) in the
situation, where the forward equation contains some unknown finite-dimensional
parameter ¥:

dX; =SW,t, X)) dt +o0,t, X;) dW,, Xg=x9, 0<t<T.

Then the solution of the PDE u = u (¢, x,9). We cannot simply let ¥, =
u(t, X;, V) because we do not know . Of course, the natural way to approximate
Y; and Z; is to estimate first the unknown parameter ¢ with the help of some esti-
mator ¥ and then to put, say, Y; = u(t, X;, ). We can guess that if 9 is a good
estimator of ¥, then Y; will be a good estimator of Y;. There are several problems,
that are interesting to study in this framework. We must understand what the condi-
tions imposed on the estimator © that allow us to say that it is good. We consider that
a good estimator has the following properties.

1. To estimate Y; we need an estimator, which is constructed by the first obser-
vations of the solution of the forward equation up to time t, ie., ¥ =
% (X, 0<s<t),0<t<T.

2. Aswe need such estimator for all t € (0, T] we suppose that its calculation must
be relatively simple.
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. . 3 2 .. .
3. The error of estimation, say, Ey, (19, - 190) must be as minimal as possible.

Therefore & is an estimator-process o = (z_%, 0<t< T). Of course, the con-
struction of such estimator-process is an intermediate problem. The main problem is
to obtain a good approximations of Y, and Z;. In particular, we must show that the
approximations

Y, = u(t, X;, %), Z,:u;(t,X,,ﬁt)a(lg‘,,t, X)

are in some sense asymptotically optimal, i.e., it is impossible to have approximations
of these processes with asymptotic errors smaller than that of ¥; and Z,.

The goal of the study initiated in Kutoyants and Zhou (2014) is to realize such
a program for three models of observations of the forward equation. As is usual in
statistics, we consider situations where it is possible to have a consistent estimation of
the unknown parameters and processes. Therefore, we are interested by the following
well-known models of observations.

e Diffusion process with an unknown parameter in the drift coefficient and small
noise or small volatility

dX, =S, t, X,)dt +eo (t, X;) dW;, x0, 0<t <T. (D)

Here the time T of observations X7 = (X;,0 <t < T) is fixed and the limit
corresponds to ¢ — 0.
e Diffusion process

dX, = S(t, X)) dt + o (9, ¢, X;) dW,, Xo, 0<t<T, 2)

observed in the discrete times X" = (X,O, ). CR X,n), i = i%. Here the
unknown parameter is in the volatility coefficient and the limit corresponds to
n — oo (high frequency model of observations). The time T of observations is
fixed.

e Ergodic diffusion process

dX, = S, X,)dt + o (X,) dW,, Xo, 0<t <T. 3)

Here the unknown parameter @ is in the drift coefficient, we have continuous
time observations X7 = (X;,0 <t <T)and the limitis T — oo.

Of course there are other possible statements. For example, it can be considered
the mixture of discrete time and ergodic diffusion. This corresponds to the equation

dX; =S @, X)) dt +o (3, X;) dW;, Xo, 051 =T,

and observations X" = (Xto, ) CR th)- Here max; |t; — t;_1| — O and T,, — oc.
Such a model of parameter estimation was studied, e.g., in Kamatani and Uchida
(2015) and Uchida and Yoshida (2014). It is possible to consider the mixture of
discrete-time and small noise models, to consider the model with X; — =00 or
the models with null recurrent forward equation efc. It will be interesting to see
the statements of the statistical problems in non-Markovian cases for more general
models.

Let us decribe the general framework of the statistical study of the above men-
tioned three models (1)-(3). For each model we propose an estimator-processes
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v},0 <t < T such that Y;* = u(t, X;, ¥;) — Y, and the error of approximation

Ey (Yt* - Yt)2 is asymptotically minimal. In the earlier works Kutoyants and Zhou
(2014) and Gasparyan and Kutoyants (2015); (Abakirova, A and Kutoyants, YA: On
approximation of the BSDE. Large samples approach. In preparation) (see the review
of these works in Kutoyants (2014)) we considered the approximation of the solution
of BSDEs with a learning interval of fixed length.

The optimality of estimators of ¥; and Z; is understoud as follows. We define for
each model a normalization function ¢ — 0, i.e.,, ¢, — Oase — 0, ¢, — 0 as
n— oo,and o7 — 0as T — oo.

We propose the lower bounds on the risks of all estimators

2

Lo b2,

lim lim sup Eyp
8—0e,n,T |9—0y|<8

which allow us to define the asymptotically efficient estimators Y} of Y; as follows

2

Y*—Y,
L1l = D).

lim lim sup Eyp
§—>0¢e,n,T [ —0| <8

We suppose that the last equality takes place for all ¥ € ® and all ¢ € (0, T']. We
also have a similar bound in the problem of estimation of Z,. For models (1) and (3)
these bounds are slight modifications of the Hajek-Le Cam lower bound (Ibragimov
and Has minskii 1981) and for model (2) the lower bound is similar to Jeganathan’s
lower bound (Jeganathan 1983).

We take the quadratic loss function just for simplicity of exposition. For all men-
tioned models, the similar lower bounds and corresponding estimator processes can
be proved for more general loss functions.

The approximation of the solution of BSDEs in the Markovian case were initiated
in the work Kutoyants and Zhou (2014), where the model of small volatility was
considered. The parameter ¢ was supposed one-dimensional and the approximation-
process Y;*, was defined for t € [z, T], where t > 0 is a fixed value.

In the work Gasparyan and Kutoyants (2015), we considered the model of discrete-
time observations (2) and the one-step MLE-process which allowed us to construct
an estimator-process Yt;n for the values # , € [t, T], where v > 0 is fixed.

The case of ergodic diffusion process is considered in the work (Abakirova, A
and Kutoyants, YA: On approximation of the BSDE. Large samples approach. In
preparation), which is still in progress.

The main contribution of the present work is due to a new class of estimator-
processes called multi-step MLE-process introduced in Kutoyants (2015). These
estimator-processes allow us to construct the approximations of the solutions of
BSDE:s for three above mentioned models with vanishing learning intervals (models
(1) and (2)) or negligible with respect to the whole volume of observations learning
interval (model (3)). Here we consider the model (1) only. The models (2) and (3) we
leave to study later.

In the present work, we consider the small volatility model where we suppose that
the unknown parameter is multi-dimensional and the approximation process Y/, we
define for ¢t € [t,, T], where 7, — 0. This approximation allows us to consider the
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case T, = e® — 0 and, moreover, to choose 8 close to 2. The relations between

the choice of § and the multi-step MLE-processes are the following. If § € (0, 1),

*x .

then we use the one-step MLE-process 9/ ; if § € [1, %), then we use the two-step
MLE-process 9.;%; if § € [%, %), then we use the three-step MLE-process 9/%*.

t,e> t,&

In the work Kutoyants (2015) we aleady studied the multi-step MLE-process for
ergodic diffusion process, and the structure of estimator-process proposed in the
present work is quite similar.

Note that the multi-step, like the well-known one-step ML-estimators, are based
on the so-called Fisher-score device proposed by Fisher in 1925 (Fisher 1925) and
studied by Le Cam in 1956 (Le Cam 1956). Let us recall this construction. Suppose
that we have n i.i.d. r.v.’s X" = (X1, ..., X,,) with smooth density function f (9, x)

and denote £ (9, x) = In f (¢, x). The maximum likelihood equation is
n
> i (B x;) =0.
j=1

Here and in the rest of the paper dot means derivation w.r.t. 9. If we expand it at
the vicinity of the true value ¥y, we obtain

Xn:é(ﬂo,Xj) + (ﬁn —ﬁo)zn:k.(én,Xj) =0.

j=1

Therefore
1 n
Y (Y0, X 1 _21:15(170’)(1)
By = 99 — = ( ’)—ﬁo+—nﬂE : )
Z/:lz(ﬁ”’XJ) “n /=1E<ﬂ”’XJ)
Note that
1 n
— =D E (0. X)) — T(90) = f £ 0. %)> f (90, ) dx, 5)
j=1

where I (¢9) is the Fisher information.
Suppose that we have a preliminary estimator @, such that

Vi (B, —90) = N (0, D (%)), D @) >1()".
Keeping in mind the relations (4)-(5), the one-step MLE #;; is defined as follows
- 1 Ay (90, X") 1
V=0, + —==—7, A, (9, X") = — (9, X;).
n n \/ﬁ I (ﬁn) n ( ) ﬁ ; ( .1)

This estimator is already asymptotically efficient because its limit variance is
I(99) !

V(97— 00) = N (0, i (190)*‘) .

Therefore, this Fisher-score device allows us to improve the preliminary estimator
up to asymptotically efficient (see details, e.g., in Lehmann and Romano (2005)).
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Moreover, this device can be applied even in the case of preliminary estimator with
the rate of convergence worse than ﬁ (see, e.g., Robinson (1988) and Kamatani and
Uchida (2015)). For continuous-time stochastic processes such a construction was
used, for example, in Skorohod and Khasminskii (1996).

The one-step MLE-process, introduced in Kutoyants (2015), for this model of
observations can be written as follows. Let us denote ¥, the premilinary estimator
constructed by the first N = [n®] observations XV = (X|, ..., Xy) with§ € (%, 1).
Then the one-step MLE-process 9, = (ﬁ/:,n’ N+1<k< n) is defined by the
equality

11 £
O =0n+1(0N) " ¢ ~%:+1£ (9. X)) (6)
j:

and for k = [sn], s € (0, 1] we have the convergence
VK (8, — 90) = N (0, ]I(ﬁo)_1> .

Here s is fixed and n — oo. Therefore #, is a good estimator, i.e., ¥, depends

on Xk = (X1, ..., Xy), is easy to calculate and is asymptotically efficient because it
is asymptotically equivalent to the MLE. For the details see Kutoyants and Motrunich
(2016).

The one-step MLE-process in the case of ergodic diffusion forward Eq. 3 can be
illustrated as follows. Suppose that we have a preliminary estimator 1§Ta constructed

by the observations X T _ (X, 0<t<T% with § € (%, 1]. Then the one-step
MLE-process 13‘; T 8 < t < T based on the Fisher-score device (4), (6) has the
following form

N - - [ S(® s, X
vir = o+ 1) [ [(0T<x >§)
N

This estimator-process is asymptotically efficient (r = rT; r € (0, 1])
Vi (077~ o) = N (0. 1000
(see Kutoyants (2015)) and provides asymptotically efficient estimator-processes
Yir=u(t, X, 9/7), Zrp =ul (1, X0, 9 7)o (Xy) (8)
of the solution (Y;, Z;) of the BSDE.

[dXs — S (P7s, X,) ds]. (7)

Forward equation with small volatility
We are given the function f (¢, x, y, z) defined on [0, T'] x RF x R x RK, function
®(x), x € R¥ and k-dimensional diffusion process (forward)

dX;, =S, t, X)dt +e0 (¢, X;) dW;, Xo, 0<t<T. )]

Here 9 € © C R4, © is an open bounded set and W, = (Wh... o wh,0=<r<
T is a standard k-dimensional Wiener process.
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Introduce the condition £.
The functions f (t,x,y,z), ®(x),vector S (9,¢t,x) = (S; (9, t,x),l=1,...,k)
and k x k matrix o (t, x) = (o1, (t, x)) are smooth

IS(ﬂvtvx)_S(ﬁitvy” +|U (tv-x)_o-(t’y)l S Ll-x _y|7
|f @ x, y1.21) = f (&, x, 2, 22)| < Cllyr — y2l + [z1 — 2211

and satisfy (p > 0)

IS @, 1, )+ 1o, x)| = C A+ |x]),
|f (%, 3, D+ @) < C(1+ |x]7).

We must find a couple of stochastic processes (X*

FerZte, 0 <1 <T) which
approximate well the solution of the BSDE

dY, = —f (t, X;, Ye, Z;) dt + Z; dW,, Yo, 0<t<T (10)
satisfying the condition Y7 = ® (X7).

Let us denote x; () = (xt(l)(ﬂ), e xf“(ﬂ)) ,0 <t < T the solution of the
system of ordinary differential equations

dx; (9)
TZS(l?,l,xt(ﬂ)), X0, 0<t=<T.
The true value is ¥9 and we let x; = x; (). We have the estimates: with
probability 1
sup |X; — x| < Ce sup |W;| (11
0<t<T 0<t<T
and for any p > 0
sup Ey, |X; —x/1P < CéeP. (12)
0<t<T

For the proof see, e.g., Kutoyants (1994).

We have a family of problems of parameter estimation by observations X! =
(X5,0<s <t), where t € (0, T] and therefore we need a family of estimators
P00 < t < T.Let (C¥([0,]),B,) be a measurable space of continuous vector-

functions on [0, 7] with Borelian o -algebra ®B;. Denote by {Pf;’t), D e ®] the family

of measures induced in this space by the solutions of (9) with different ¥ € ©.

) Springer Open
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Note that these measures are equivalent (see Liptser and Shiryaev (2001)) and the
likelihood ratio function is

ap" 1! .

t t —

L9 X") = pED (X)) = exp{—ngo S@, s, X)A (s, X))~ dX,
0

1 t
——/S(z?,s,XS)A(s,XS)_lS(z?,s,XS)ds , D EO.
282 0

Here P((f’t) is the measure, which corresponds to the observations (9) with
S (¥, ¢t, X;) = 0. The matrix A (s, x) is
Agp (s, x) = [0 (s, x)" 0 (5, %)]

Im>

Recall that the MLE 198, ¢ is defined by the equation

L (ég,,, Xf) = sup L (¥, X') . (13)
Ye®

Introduce the Regularity conditions ‘R.

1. The function S (9, t, x) is two-times continuously differentiable w.r.t. ¥ and the
derivatives are Lipschitz in x.

2. We suppose that there exists a positive constant m such that for any real . € R
we have

m=UA? < AFA (s, x) A < m A2 (14)

3. The Fisher information matrix
t
L) = / S @, s, x,(9))* A (5, ;@) ' S @, 5, x,(8)) ds,
0

is uniformly nondegenerate:

inf inf A*I, (3L > 0
Pe® |Al=1

Here A € RY dot means derivation w.r.t. & and S (0, s, x) is k x d-matrix.
4. Identifiability condition : for any v > 0 and any t € (0, T] the estimate

t

inf  inf / 8 (s, x5, 0, D0) A (s, x5) 18 (s, x5, 0, ¥9)ds > 0
Po€® [P —|>v Jo

holds. Here § (s, x5, , %) = S (B, 5, x5) — S (Fo, 5, X5).

_ The Regularity conditions allow us to prove the folowing properties of the MLE
Vet € (0, T].

1. It is uniformly consistent: for any v > 0 and any compact K C ©

lim sup Pf;o’t) (
e—0 voeK

zg‘g,, — 190‘ > v) =0.

2. Uniformly on compacts K C ® asymptotically normal

g (195,, _ 190> — N (o, I, (190)—1) .

) Springer Open
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3. The polynomial moments converge and it is asymptotically efficient.

These properties were established in Kutoyants (1994) in the case of the one-
dimensional diffusion processes (9). There is no essential dificulties to apply the
same proof in our case. The presented below multi-step MLE-processes have exactly
the same asymptotic properties, but can be calculated more easily.

Introduce the family of functions

U:{(u(r,x,z?),te[O,T],xeRk>,z9e®}

such that for all % € ® the function u(z, x, 1) satisfies the PDE

ou k ou &2 k 9%u
& St )+ N A
o1 +IZE 105t l;l L ) o

k
ou
= - t5 s Uy t, a.
f( X, s;mm( x)axm)

and the condition u(T, x, ) = ®(x), x € RF.
The limit of the function u (¢, x, %) as ¢ — 0 we denote as u, (¢, x, ). The
function u, (¢, x, ¥) satisfies the equation

k

k
o duo duo
i +121 S, 1, x) % = —f <t,x,uo,el§lazm(t,x)3?m)

with the final value u, (T, x, %) = ®(x). Below u, (¢, x, ¥) and ii, (¢, x, ¥) means
the derivative of this function w.r.t. 9.
Introduce the condition £{

1. The function u (¢, x, ©) is two-times continuously differentiable w.r.t. ¥ and the
derivatives u (t, x, ¥) and ii (t, x, V') are Lipschitz w.r.t. x unifoormly in ¥ € ©.

2. The function u (t, x, v) and its derivatives u (t, x, ) and u; (t, x, 9) converge
uniformly int € [0, T] to u, (¢, x,9), u, (¢, x, 9), L't;’x (t, x, V) respectively.

The sufficient conditions providing these properties of u (¢, x, ©/) can be found in
Freidlin and Wentzell (1998), Theorem 2.3.1. Note that the derivatives u (¢, x, ) and
it (t, x, ¥) satisfy the linear PDE of the same type.

If we let Y, = u (¢, X;, ¥), then by It6’s formula we obtain BSDE (10) with

k
Z,=(Z,‘,...,Z{<), 2= o (t, X il (1, X0, 9).
=1

Recall that our goal is to construct an asymptotically efficient approximation of the
couple (Y;, Z;). To compare all possible estimators we introduce the lower bounds on
the mean-square risks. This is a version of the well-known Hajek-Le Cam minimax
risk bound (see, e.g., Ibragimov and Has minskii (1981), Theorem 2.12.1).

) Springer Open
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Theorem 1 Suppose that the conditions £, R and L are fulfilled. Then for all
estimators Yy and Z; and all t € (0, T ] we have the relations

lim lim  sup 8*2El,|?t—y,|2zuo (t, x1, 90)* I, (90) Vg (7, x1, 99),  (15)

v—=>0e—0 [0 —0|<v

_ 2
lim lim  sup e *Ey |Z — Z/|” > | o), (2. %0, 90)* I 90) "2 0 (1. x1)| . (16)

v=>0e—=0 [0 —0|<v

=

Proof We first verify that the family of measures is locally asymptotically normal
(LAN) and then we apply the proof of the Hajek-Le Cam lower bound (Ibragimov
and Has’minskii 1981), which provides us (15), (16). We present here the necessary
modification of the proof given in Ibragimov and Has’minskii (1981). Usually this

. I . . . 3 2 .

inequality is considered for the risk like Ey |195 - 1?| and we are interested by the
. = 2 . .

risk Ey |Y,, ¢ — Y¢|~, where Y; is a random process. Another point, the random vector

A; (see below), in general, is asymptotically normal and, in our case, it has Gaussian
distribution, that is why the proof is slightly simplified. O

1

Let us denote ¢, = ¢l,”2 where I; = I; (¥p) and introduce the normalized
likelihood ratio

L (90 + ¢ev, X)

Lo X veVe={v:9 +p.v e B}.

Zt,e(v) =

We can write

InZ; ¢ (v)

] t
5/ [S (90 + @20, 5, Xs) — S (B0, 5, X5)] 0 (5, X)W,
0

t

2
~5.2 | [S (F0 + @ev, 5, X5) — S (B0, 5, Xs)]* o (s, X_g')_l ds

1
VA = Sl
where r. — 0 and the vector
1 te —1
Ar =1 (90)"2 | S(@o,s,x5)0 (s,%) dWy ~ N (0,]).
0

Here J is a unit d x d matrix.
Hence, the family of measures {Pf;’t), ¥ e @} is LAN in ® (Ibragimov and
Has’minskii 1981, Kutoyants 1994).
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Below, M > 0, Iy is a cube in R4 whose vertices have coordinates =M, so that
its volume is 2M)? and 9, = 9o + Qs V.

> 2 > 2
sup Ey |V —Y| = sup Egl|¥,—u(t, X, 1)
[ —dol<v [0 —dol<v

_ 2
= sup Ey, |Y; —u(t,X;,190+(ng)|

lpev|<v

> sup Ef)v D_/t —u(t, X;, Yo +§0sv)|2

UG]CM

i
> Ey,
emy? Jey

1 -~ 2
- (2M)d/1c Eiy Z0e ) [Ti — u (1, X1, 00 + gov)| do.
M

Y, —u (t, Xy, 09 + (pgv)|2dv

We have
u(t, X;, %o + @ev) = u(t, X;, 9) +u (¢, X, 90)* @ev
+8/01 Lt (¢, X¢, Do + repv) — i (, Xy, 90)]* H;%vdr
= u(t, X;, Do) + i (t, X;, 90)" @ev + @ehe,

where |h.| < Ce. Hence, if we denote
be =& " (Vi —u(t, X;, 90)) = X, 190)*11,‘%
and introduce such vector 7, that b, = i (t, X;, %0)* ]I,_% ve, then we can write
e 2By, Z1o () |V — u (t, X1, D0 + ev) |
=Ey,Z:(v) |by — it (t, X;, D0)* H:%v ’ (1+ 0(e)
=E9,Z;.:0) |i* @ = v)[* (1 + 0(e)) .

Further, we use the following result known as Scheffé’s lemma

Lemma 1 Let the random variables Z, > 0, ¢ € (0, 1] converge in probability to
the random variable Z > Qas ¢ — Qand EZ, = EZ =1, then

limE|Z, — Z| = 0.
e—0

For the proof see, e.g., Theorem A.4 in Ibragimov and Has’minskii (1981).
Recall that Ey) Z, , (v) = Eg,Z;(v) = 1, where In Z,(v) = v*A, — 1 |v|. Hence
forany K > 0

EioZi.e(0) |i* (@ — 0) |3 = Egy Zi () [i* (5 — v)| % (1+ 0(1)) .
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Here we denoted |D|% = |D|> A K. These allow us to write
1
emy

/ EoyZe.o () | T — u (1. X, 90 + £0) [ dv
Ky

1 -

> (ZM)d AMEﬂOZt,e(U)‘Yt—M(I, Xt,ﬁo—l-gv)ﬁ( dv
1 o

= WLMEﬂOZI(U)|M (vs_v)ﬁ,(dv(l_i_o(l))

Then
* [ 1 2 1 2
Zi(v) = exp v Az—Elvl = exp _§|U_At| exp EIAzl

and

Egy Zi (0) [i* (5 — v)[% = Bgye 2= F [i* (v, — w)[% 318
= Ez‘}oe_%lw\z ’u* (Ve — A — w)’?( e%|51|2
= Eppe P |i* (i — w)[2 2141
where w = v— A, and W, = v, — A;. Introduce the set Cjs such that each coordinate
of A, = (A;l), e Afd)) is less than M — /M, i.e., A;I)‘ < M — /M. Then

1 1A 2 e~ 2 _Li
—(ZM)dE00e2|A’| / . |u* (We — w)|Ke 2wl gy
wH+A ey
1 1A 2 2 1,12

> Ey, 2! Lya,ec }/ W (e — w7 e 2™ o

(ZM)d 0 1€y CM| € |K

1 2 . ~ 2 L2

> Ey ez 1 f |u* (w —w)| e 2" dy
= 7% {A1€Cy) € K

M) K /i

because K 77 C Cy. By Andersen’s Lemma (see, e.g., Ibragimov and Has’minskii
(1981), Lemma 2.10.2)

/ |i* (e —w)ﬁ( 1Py > f ‘ﬂ*w‘ie 2P gy,
K w K i
Note that as M — oo we obtain the limits
1 E %lAtlzﬂ 1

e VN 4 AeCy) —

@My el T ot
and

1
_ / i w|% e 31" dy — Egy li* Al .
@) JK 5

The last steps are ¢ — 0 and K — oo

El?() |l’.t*At — I’.tO (t’ Xt, 190)* ]II (190)_1 l’.tO (ts Xt 190) .

|2
K
The detailed proof can be found in Ibragimov and Has’minskii (1981),
Theorem 2.12.1.
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Therefore the bound (15) is verified. The bound (16) is proved in a similar way.
Note that Z, = eu’, (t, X;, ¥) o (¢, X;). An arbitrary estimator Z, of Z;, we write as
Z, = ¢Z,. Then, for ¢! (Zt — Zt) we follow the proof given above.

Definition Suppose that the conditions £, R, U are fulfilled. Then we call the
estimator-processes Y, Z7,0 < t < T asymptotically efficient if for all ¥y € © and
allt € (0, T] we have the equalities

lim lim sup & *Ey |V — Yt|2 = iio (1, x;, 90)* I, (90) ™"tk (¢, X1, D0) . (17)

v=>0e—0 |y 790\<v

2
lim lim sup e By |7} — Z[* = |(@o)} (1,30, 90" T (90) T (¢,x0)| - (18)

v—>06—09_ 790\<v

As we do not know the value ¥ we propose first to estimate it using some

estimator-process 198 ;»0 <t < T and then to put

k
Yi=u( X, 07),  Zi=ey ul (6. X, 00) o (t. X))
=1

Recall that formally the MLE-process f}g ¢+, 0 <t < T “solves” the problem and it
can be shown that under the supposed regularity conditions the estimator-processes
Y, e = u(t, Xy, ?5‘5 ;) and Zt e = ul(t, Xy, 198 1o (t, X;) are asymptotically efficient
in the sense of the relations (17) and (18), respectively, but this solution can not be
called acceptable because the calculation of f}s,, forallt € (0, T'], in the general case,
is a computationally difficult problem. That is why we propose to use the so-called
multi-step MLE-process (Kutoyants 2015), which is introduced as follows. First we
construct a preliminary estimator 15,5 by the observations X™ = (X;,0 <s < 7,) on
some learning interval [0, t.], where 7, = &% with 0 < § < 1 and then we propose
an estimator-process ¥/, te < t < T based on this preliminary estimator. Finally
we show that the corresponding estimators, say, Y  o=u (t, X, z?tf 8) ,Te <t <T
are asymptotically efficient.

As a preliminary we propose the minimum distance estimator (MDE) 5,8 defined
by the relation

aA 2
|x-%(.)

_ fo—f( 9
T 19126) ()

2 Te R 2
- 1nf/ [X,—Xt(z‘/‘)] dr.
Te 1e® Jo

Here the family of random processes [()A(, ®),0<t< rg) , 0 € @} is defined as
follows

t
Xt(z?)zxo—i—/S(L?,s,Xs)ds, 0<t<r,, v € 0.
0

These estimators were studied in Kutoyants (1994) in the case of fixed 7, = t and
are called the frajectory fitting estimators as well, because we choose an estimator
z?,F, which provides a trajectory X t (ﬁf ) 0 <t < 1, closest to the observations
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X, 0 <t < 1. It was shown that if the conditions of regularity and the condition of
identifiability: for any v > 0

T
inf inf /
Yoe® |9 —g|>v Jo
hold and the matrix

T t t
J: (190)=/ fs(ﬁo,s,xs)*dsf S (99, s, x;) ds dr
0 0 0

2
dr > 0 (19)

t
/ [S (W, s, x5) — S (Do, s, x5)]ds
0

is uniformly nondegenerate (below A € RY)

inf inf A*J; (Bo) A > 0 20
ﬂtré@uﬂn:l J: (Do) A > 0, (20

then the MDE is asymptotically normal
T t t
e (9 — 0 = I; (190)—1/ / S (o, 5, x5)* ds / o (s, x,)* dW; dr.
0 JoO 0

Note that if we have the Regularity condition 3 (identifiability) with T = t, then
the identifiability condition (19) is also fulfilled. Indeed, suppose that there exists
%1 # U9 such that

r

Then for all ¢ € [0, 7]

2

t
/ S (91,5, %) — S (90, 5, x)]ds| dr = 0.
0

' t
/ S (91,5 %) ds = / S (90, 5. 25) s,
0 0
which implies
S (1,8, x5) =8 (Do, s, x5) 0<s<r.

The last equality, of course, contradicts Regularity condition 3.
Now suppose that 7, = % with § < 1 and the matrix

C @) = S (90, 0, x0)* S (¥, 0, x0)
is uniformly nondegenerate in 9y € ® (below A € RY)

inf inf A*C (99) A > 0 1)
Pe® |Al=1

Then, we can obtain the asymptotics

3 1
el (9, — 9) = 2@C(ﬂ°)_10(0’x°)/0 [1 —r2] AW @) (1 + o(1)).
Note that
I, (90) = / " 28 (9, 0, x0)* $ (90, 0, x0) dt (1 + o(1))
0

3
= %‘SS (%0, 0, x0)* S (D0, 0, x0) (1 + o(1))
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Tt t
f /S(ﬂo,s,xs)*ds/U(s,xs)*dWS dt
0 0 0

=S (%, 0, x0)* & (0, xo)/ gtW, dr (14 o(1))
0

and

5
7
7 $ (90, 0, x0)* & (0, xo)/ 1—r ) AW @) (1 4+ o(1)) .

Therefore, the family of random vectors gm1+s (f},g — 15‘0) is asymptotically nor-
mal. Moreover, following Kutoyants (1994) it can be shown that the moments are
bounded, i.e.,

sup Ey, ‘e—”% (s, — ﬁo)‘p el 22)
YoeK

where the constant C = C(p) > 0 does not depend on ¢ for all p > 0.
Let us introduce the one-step MLE-process z?l e Te <t <T

=1,
t
+, (B,,) / S (Brvr s, X,) A (s, X) 7' [dXs — S (B, 5, X, ) ds]. (23)
Te
Its properties are described in the following proposition.

Proposition 1 Let the conditions £,°R be fulfilled and § € (0, 1), then for all
te0,T]

(07 = 90) = N (0.1 00) ")

and this estimator-process is asymptotically efficient. Moreover, we have the uniform
consistency, i.e., for any v > 0

lim sup P(O) ( sup |19t’:£ — | > v) =0.

e—~>0p,eK 1o <t<T

Proof Note that the estimator ¥, is defined for 7 € [z, T], but as 7, — 0 we
obtain for any positive ¢ the relation ¢ > .. O

The substitution of the observations (9) provides us the equality

t
9, — 0o =Dy, — o + el (9.,)”" / S (V.. 5, Xs) 0 (5, X5) " AW,
Te

t
+]It(1?t€)_l/ S Dz, 5, Xs) A (s, Xy)™ 1[S(f}o,s X5) = S (Ve 5. X)) ds.
Te
Recall that the vector-process (X5,0 <s < T) converges uniformly in s to the

deterministic vector-function (x;,0 <s < T) and the estimator ﬁfg is consistent.
Therefore, we have the convergence in probability
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t
I (;’rs)_l/ S('grga S7XS)*O—(S7XS)_1dW€
Te

t
— L0 [S005x0%a .x07 W~ N (0.1 00 7).
0
For the other terms, we first write the Taylor expansion

S (00,5, Xy) — S (Br,, 5, X5) = S 90, 5, Xo)* (90 — Dy, ) + O (827(3)

because 99 — 5‘fg =0 (81_%). Then, we denote

t
De =1 (F’rg) - / S (F,rg, s, Xs)*A(S, Xs)_l S(ﬁOs s, X5)*ds
Te

and write

t
By, — Po+1, (3,) " / $(Frrr 5. Xs) A (5, X0) ' [S (Bor . Xo) — 8 (n,. 5. X,)] ds

Te
= (B, = 90) It (3,) ™' Do + 0 (27%)
The following estimate can be easily verified

D, = 0 (e)) + O (al—%> +0(e)

because X; — x;, = O(¢), f),g — =0 (31—3) and

I, (99) —/tg(ﬁo,s,xs)*A(s,xs)_l S (Yo, 5, x5) ds = O (¢°) .
Te
Hence
el (97, — o) — I, (90) ! /OtS (D0, s, X5)* 0 (5, x5) L AW
= (B, —90) 0 (e 73) =0 (') — 0. (24)

The uniform consistency can be shown following the proof of such uniform
consistency presented in Kutoyants (2015), Theorem 1.
Let us define the estimator-processes Yy = (¥}

feTe <t <T) and Z} =
(Z;(,es7 Te =1 = T) as follows

Y*

te

=u(t, X1, 9/,), Zf . =eu, (1, X, 9/ ,) 0 (1, X).

Theorem 2 Suppose the conditions £,R, 3 and (21) hold, then the esti-mator-
processes Y, Z} admit the representations

Y, =Y+ eiio (t, X1, 90)* & (90) (1 4+ 0(1)), (25)
ZF. = Zi+ il (t,x, 90)* & (Do) o (t,x) (1 +o(1)), (26)
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where the Gaussian process

t
& (90) =1, (99) " / S o, 5, x5)%0 (s, x5) 1AWy, T <t <T.
0

The random processes

Nt,e e! (Yz*,s - Yz) ,T<t =T,
Ge=¢%(Zy—2Z),T<t<T

for any t € (0, T] converge in probability to the processes

N = o (1, X¢, 90)* & (D), r<t<T,
Ct zd;’x(tv-xlaﬁo)* ét(ﬂo)a(tsxt)a TSZSTv

respectively, uniformly in t € [t, T']. Moreover, these approximations are asymptoti-
cally efficient in the sense of (17), (18).

Proof By the condition i1, we obtain the representation

Y, =Y =u(r, X, 9 ,) —ut, Xy, 90) = u(t, X;, 90)* (9], — 9o) (1 + o(1)),
Zr . —Zi = eu (1, X, 07,) —ul (1, Xi, 90)] 0 (2, X))
= SM; (t’ Xtv 7-90)* (ﬁ;:g - 190) o (t7 Xl) (1 + 0(1)) )

and for any v € (0, 7] we have the convergence in probability

sup II"t(ta Xtaﬁo)_"‘to(lv-xtaﬁo)| = sup |"‘£([7Xtvl90)_l;t(t7xtal90)|

1<t<T t<t<T
+ sup |u(t, x¢, Bo) — uo(t, x¢, ¥o)| — 0, (27
t<t<T
sup ‘u;(tv Xl’ 190) - u;(ta Xt, 190)‘ =< sup ‘l'.t;g(tﬂ Xl" 190) - M;(t, Xt 190)’
T<t<T t<t<T
+ sup [l (t, x;, Do) — it (t, x;, D) | —> O. (28)
t<t<T ’
O

Therefore, the representations (25),(26) follow now from (24).

More detailed analysis shows that the convergences O(1) in (24),(25) are uniform
int € [t, T] due to (11). Moreover, we have the convergence of moments uniform on
compacts ¥y € K as well, because we have (12) and the moments of the preliminary
estimator are bounded (22). Therefore, the estimates used above can be also written
for the moments. This convergence of moments provides the asymptotic efficiency
of the estimators Y, Z7.

The estimators Ylfg, ZZ e» Te <t < T are given for the values t > 7, = &% with
6 € (0, 1). It is interesting to have a shorter learning interval and, therefore, longer
estimation period for Y;, Z;. That is why we propose the two-step MLE-process
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which uses the preliminary estimator with the worse rate of convergence. Let us take
6 €1, ‘—3‘), introduce the second preliminary estimator-process

t
Bre = B, 41 (5r,) / § (Fer 51 Xs)" A5, Xo) " [AX, — S (T s, X,) ds]
Te
and the two-step MLE-process 19;,21 . <t<T

e =+ (15,,5)—1 JE8 (Bry 5. Xs) A (s, X7 [dX — S (Bre s, X,) ds].

For the preliminary estimator we obtain the same estimate (22), but with different
7. Further, for the first preliminary estimator similar calculations as above provide
us the estimates

€77 (Bre — Do) = £ [r, — v0|” O(1) +0(1) = £ 722 0(1) + o(1).
For the two-step MLE-process we have

el (971 — Do) =673 (67 [Bre — Do|) (673 |, — DO

t
+1, (%)~ [ S 0, 5, x5)* A (5, x,) "W + 0(1).
T

€

Therefore if we take y suchthaty +§ <2 and y — % > 0, say, y < %, then we
obtain

et (97— 00) = N (0, I, (ﬁo)—l) .
Now the estimator-processes Y™, Z** defined with the help of two-step MLE-
process
Y =u(r, X0, 9%), e <t<T,
Zr = u (1. X 97%) 0 (X)), Te<t<T

are known for the larger time interval [z,, T'].
Of course, we can continue this process and to reduce the learning interval once

more by introducing the three-step MLE-process 97" as follows. The learning inter-

val is [0, t.], T = &%, where § € [%, %). The first preliminary estimator-process
is

Bre = 0r, + 1 (02) 7' [1 S (Fros. X,) A s, X7 [dX = S (P 5, Xs) ds]
the second is

Bre = e+ 1 (9re) " [1 S (Froos. Xo) A (5. X) 7 [dXs = S (Bre. 5. X,) ds].
and the three-step MLE-process

07 = De A1) L8 (Feos Xo) A G X) T [dX = S@rers, X,)ds .
The similar calculations will provide us the relations : 7§r5 — 9 = e]’% o(1),

e (e —00) =200, e (e — o) =R o),
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and

8
871 (ﬁ;;* _ 190) —gh272 (8*)’2

= 5 -
Bre = 90]) (€5 |5, — doho1)
t
+1 (90) f S @0, 5, %)% A (s, x) ™ AW, + o (D).
Te
Hence if we chose §, y; and y» such that

) )
§ <2, Y148 <2, yl—y2+1—§>0, y2>5,

then once more we obtain asymptotically efficient MLE-process

el (91— 00) = N (o, T, (190)—1) .

Therefore, we obtain the corresponding approximations Y;3*, Z* for the values

t € [t, T] with essentially smaller 7, than in the case of one-step MLE-process.

Example

Black and Scholes model. Suppose that the forward equation is
dX; = v X, dt +eoc X, dW;, Xo=x0p>0, 0<r<T,

and the functions f (x, y,z) = —By — yxz and ®(x) are given. The function ® (x)
is continuous and satisfies the condition |®(x)| < C (1 + |x|? ) with some constants
C > 0 and p > 0. We have to find (Y3, Z;) such that

dY; = [BY; + y X, Z,]1dt + Z,dW;, 0<t=T,
and YT = CD(XT).

The corresponding PDE is
ou n 262x2 9%u e ) u 8 0 T 9) = d(x)
- _ —&oy)x— — pu =90, u(l,x, = X).
o1 2 ox2 Y ox
To write its sol_ution we change the variables s = T — t,x = Inx and let
u(t,x,9) = XAy (5 5 9), where
2
2e0y 4+ e0? — 20 (2e0y +e0? —20)
7.9 = . )\, 1} =
w(@) 26757 @) =8+ 252

Then, we obtain the reduced equation

ov 202 3%

_ - — (D)X x
=5 am  0=s=T. v(0, %, 9) = e M),
whose solution is well-known
_ 1 00 ()z _ Z)2
_ _ —u()z z
v X ) = 2 se2o? /;oo P { 26202 | € ® (e )dz.
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Letus fix 7, = ¢ and introduce the preliminary TFE is
T
_ * (X5 — x0) Hy dt d
1915 = fO ( i 20) d , H; = / X, ds.
o Hf dt 0

Of course, we also can write the MLE 518

o 1 /TS dX;
ﬁrg = - s
Te JO Xs

but as in our work we used the TFE, we show how to calculate 5,8. The Fisher
information is I, (%) = to 2. The one-step MLE-process is

. 1 [t _
0, =0, 4 - / — [dX; — V7, X,ds].
’ tJo, Xs

Moreover, it is easy to see that

ﬂ*_é_}_l/tdxf ét—tg_I/’dXs_F& e
re T Ut Ty X e Tt ). Xy ¢

&€ £

5 4B . 1 /‘ Te dX E ©
= - — - = o(e).
t,e Te P t Jo Xs t,e

Hence, the estimators 0; . and 19,,8 have the same limit distributions. Therefore
the estimator-process

- A (D2 )(T—1) 0 (nx;—2)?
Y* — 1) ¢ e 26262(T—1)

LT an (T — 1) 6202 o

It is easy to see that Y, —> ® (X71) as t — T. The expression for Z . can be
written as well.

7“(5'[5 )z

® (ez) dz.

Discussions

Note that we approximate the solution of the BSDE and not the equation itself. Of
course, it is also possible to write the stochastic differential for ¥;*,. For simplic-
ity of notation we consider the case k = 1,d = 1. Indeed, the process the =

u (¢, X;, 0} ,), where X; has stochastic differential (9) and 9}, given by (23) can be
written as follows

t
9F, = Oy, + el (ﬁ,s)_lf SWr,. 5, X;)o (5, X)L dW,

Te

t
+]It (ﬁrg)_l f S(ﬁ‘[ga s, XS)A (Sv XS)_I [S(ﬂ()v s, XS) - S(ﬁtg’ s, XS)] dS

Te

t t
=0, +el ! f a5 dWy + 17! / Bs.eds (29)
T, Te

€

with obvious notations. Therefore, the stochastic differential for ¥, can be written
(It6 formula).
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It was shown that the right-hand side of (29) tends to a constant ¥y as ¢ — 0 and
we can verify that do;, — 0.
More detailed analysis shows that
dY* = —f (t, Xt, Y[, Z[) dr + Z[dW[ + Edn[ + 0(8), Te <t =< Tv

t,e

where the Gaussian process 7, is defined in Theorem 2. We used the relation Y7, =
Y, +ens +o(e).

The multi-step MLE-processes used in this work can be useful in similar problems
of BSDE approximations for dicrete-time observations and ergodic diffusion models
mentioned in the introduction (see (Abakirova, A and Kutoyants, YA: On approxi-
mation of the BSDE. Large samples approach. In preparation) and Gasparyan and
Kutoyants (2015)).
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